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Abstract 

The Gromoll-Meyer's generalized Morse lemma (so called splitting lemma) near 
degenerate critical points on Hilbert spaces, which is one of key results in infinite 
dimensional Morse theory, is usually stated for at least C 2 -smooth functionals. It 
obstructs one using Morse theory to study most of variational problems of form 
F(u) = J n f(x, u,--- , D m u)dx as in d 1 - lb - In this paper we establish a splitting 
theorem and a shifting theorem for a class of continuously directional differentiable 
functionals (lower than C 1 ) on a Hilbert space H which have higher smoothness (but 
lower than C 2 ) on a densely and continuously imbedded Banach space X C H near 
a critical point lying in X. (This splitting theorem generalize almost all previous ones 
to my knowledge). Moreover, a new theorem of Poincare-Hopf type and a relation 
between critical groups of the functional on H and X are given. Different from the 
usual implicit function theorem method and dynamical system one our proof is to 
combine the ideas of the Morse-Palais lemma due to Duc-Hung-Khai |fl9l with some 
techniques from |[27ll43ll46l . Our theory is applicable to the Lagrangian systems on 
compact manifolds and boundary value problems for a large class of nonlinear higher 
order elliptic equations. 
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1 Introduction 

1.1 Motivation 

Morse theory is an important tool in critical point theory. Morse inequalities, which pro- 
vide the appropriate relations between global topological notions and the critical groups 
of the critical points, had been generalized to very general frameworks, see [fTTl[37l (for 
C Afunctional on manifolds of infinite dimension) and IfTTl (for continuous function- 
al on complete metric spaces) and the references therein. These inequalities and precise 
computations of critical groups are extremely useful in distinguishing different types of 
critical points and obtaining multiple critical points of a functional (cf. 0] [TH [371 l40lD . 
However, the calculation of critical groups in applications is a complex problem. Gromoll- 
Meyer's generalization of Morse lemma to an isolated degenerate critical point in 11231 , 
also called the splitting theorem, provides a basic tool for the effective computation of 
critical groups. Since then many authors made their effort to improve the splitting the- 
orem, see O IM Ell |2B |27l [301 [IE IM ED and related historical and bibliographical 
notes in IfTTl Remark 5.1] and 11371 page 202]. Probably, the most convenient formulations 
in the present applications are ones given in [fOl Th. 2.1] (see also IfTTl Th. 5.1]) and [1371 
Th.8.3] (see also 113610 . It was only assumed therein that / is a C 2 -functional on a neigh- 
borhood U of the origin 6 in a Hilbert space H and that 9 is an isolated critical point of / 



3 



such that is either an isolated point of the spectrum a(d 2 f{6)) or not in a(d 2 f(9)). This 
can be used to deal with many elliptic boundary value problems of form Am = f(x, u) 
on bounded smooth domains in IR n with Dirichlet boundary condition. 

However, the action functionals in many important variational problems are at most 
C 2 ~° on spaces where the functionals can satisfy the (PS) condition. Let O C ffi" be 
a bounded domain with smooth boundary <9f2, x = (xi, ■ ■ ■ ,x n ) 6 R™, and let a = 
(ax, • • • , a n ) be a multi-index of nonnegative integer components and \a\ = ai + 
• • • + a n be its length. Denote by M(m) the number of such a of length |a| < m, and by 
£ = : l a l — m } e M M ^. Consider the variational problem 

F(u)= / f(x,u,--- ,D m u)dx, (1.1) 

where the function / : xR M H _> E, (x, £) i — y / (x, £) is measurable in x for all values 
of £, and twice continuously differentiable in £ for almost all x; and there are continuous, 
positive, nondecreasing function gi and nonincreasing function g 2 such that the functions 

H x R M ^ -> R, (ar, ^ = 



satisfy: 



\fap(x^)\ < 9i( E E & 

\|7|<m— n/2 / \ m—n/2<\^/\<m 




E M x ^)vavp > ( E i^il lE^ 

|oi|=|^|=m \[7[<m— n/2 / \|a|=m 

for any 77 £ R A/ ° ( M = M(m) — M(m — 1)), where p y is an arbitrary positive number 
if | 7 | = m - f , and p y = n _ 2 ^_ hl) if m - f < |t| < m, and p a/3 = pp a are defined by 

if Id = 1/31 = m, 
Pa/3 = < if m- ~ < \a\ < m, < m- f, 

if |a|, < m — f , 

/3| > m- -, \a\ + \p\ < 2m. 

Generally speaking, under the assumptions above, as stated on the pages 1 18-1 19 of Il44ll 
(see [|43l for detailed arguments) the functional F in (11.11) is C 1 and satisfies the (PS) 
condition on W™' 2 (Q), and the mapping F' is only G-differentiable on W™' 2 (Q); more- 
over, on Banach spaces on W™' P (VL) with p > 2, it is C 2 , but does not satisfy the (PS) 
condition. Furthermore, Morse inequalities were also obtained in [|43l Chapter 5] under 
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the assumptions that the functional F have only nondegenerate critical points. A similar 
question appears in some optimal control problems (see Vakhrameev 11461 ). 

Another important problem comes from the study of periodic solutions of Lagrangian 
systems on compact manifolds, whose variational functional is given by 

£ T ( 7 )= / L(tMt)Mt))dt (1-2) 
Jo 

on the Riemannian-Hilbert manifold # T = W 1,2 (R/tZ, M) (c C(R/rZ, M)), where M 
is a n-dimensional compact smooth manifold without boundary, and L : R x TM — >• R 
is a C 2 -smooth function satisfying the following conditions (L1)-(L3): 

(LI) L{t + 1, q, v) = L(t, q, v) V(t, ?, v). 

In any local coordinates (q 1 , ■ ■ ■ ,q n ), there exist constants < c < C, depending on the 
local coordinates, such that 

(L2) c \u\ 2 <Z tJ £t(t,q,v)u lUj <C\u\ 2 Vu = (ui, • • • ,u n ) G R n , 



(L3) 



a 2 L 



dqidvj 



(t,q,v) <C(1 + M)and ^(t,q,v) <C(l + \v\ 2 ) V(t,q,v 



Under these assumptions the functional C T is only C 2 ~° on the Hilbert manifold H T (as 
showed [1] recently), but satisfies the (PS) condition on H T . The usual regularity theory 
shows that all critical points of C T on H T sit in the Banach manifold X T = C 2 (M/rZ, M). 
It is very unfortunate that the (PS) condition cannot be satisfied on X T though C T is C 2 
on it. So far one do not find a suitable space on which the functional C T is not only C 2 but 
also satisfies the (PS) condition. 

The common points of the two functionals above are: one hand on a Hilbert manifold 
they have smoothness lower than C 2 , but satisfy the (PS) condition; on the other hand 
their critical point are contained in a densely and continuously imbedded Banach manifold 
on which the functional possesses at least C 2 smoothness, but does not satisfy the (PS) 
condition. To my knowledge there is no a suitable splitting lemma, which can be used to 
deal with the above functionals. These motivate us to look for a new splitting theorem. 

With the regularity theory and prior estimation techniques of differential equations 
our theory can also be applied to some variational problems not satisfying our theo- 
rems (such as general Tonelli Lagrangian systems and geodesies on Finsler manifolds, 
see [32, Remarks 5.9,6.1] and the references cited therein) by modifying the original 
Euler-Lagrangian functions. 

1.2 Notion and terminology 

Since there often exists some small differences in references we state some necessary 
notions and terminologies for reader's conveniences. Let E 1 and E 2 be two real normed 
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linear spaces. Denote by L(Ei, E 2 ) the space of the continuous linear operator from E 1 
to E 2 , and by L(Ef) = L(Ei,Ex). A map T from an open subset U of E\ to E 2 is 
called directional differentiable at x G U if for every u E Ei there exists an element 
of £ 2 , denoted by DT(x,u), such that lim^o \\\T(x + tu) - T(x) - DT(x,u)\\ = 0; 
DT(x, u) is called the directional derivative of T at x in the direction u. If the map 
U X Ei — > E 2 , (x, u) i — y DT(x, u) is continuous we say T to be continuously directional 
differentiable on U . (This implies that T is Gateaux differentiable at every point of U in 
the following sense). If there exists a B G L(Ei, E 2 ) such that DT(xo, u) = Bu Vu G 
T is called Gateaux differentiable at xo € [/, and 5 is called the Gateaux derivative of T 
at x„, denoted by DT(x ) (or T'(x )). By Definition 3.2.2 of 02), T is called strictly G 
(Gateaux) differentiable at x G Z7 if for any v £ Ex, 

\\T(x + tv) - T{x) -T'(x )(v)\\ = o(\t\) asx^xo and t -> 0; 

if this convergence uniformly holds for u in any compact subset we say T to be strictly 
H (Hadamard) differentiable c at x G C7; moreover T is called strictly @ F (Frechet) 
differentiable at G C/ if 

||T(x) - T'(x )(x - j/) || = o(||z-y||) as x ->■ x and y ->■ x 

(this implies that T has Frechet derivative T'(x ) at x ). By [15, Prop. 2. 2.1] or [|42l 
Prop.3.2.4(iii)], T is strictly H-differentiable at Xq G C/ if and only if T is locally Lip- 
schitz continuous around x and strictly G-differentiable at x G U . Specially, the strict 
F-differentiability of T at xq implies that T is Lipschitz continuous in some neighbor- 
hood of Xq. By H2l Prop. 3.4.2], the continuous F-differentiability of T at x implies 
that T is strictly F-differentiable at x . If T is F-differentiable in U, then dT = V is 
continuous at Xq G U (i.e. T is continuously differentiable at x ) if and only if T is 
strictly F-differentiable at x , see Questions 3a) and 7a) at the end of [fT8l Chap. 8, §6]. 
By Proposition IB . 1 1 the continuously directional differentiability of T in U implies the 
strict //-differentiability of T in U (and thus the locally Lipschitz continuality of T in U). 



1.3 Method and overview 

The main methods to the splitting lemma in past references are the implicit function the- 
orem method such as 11231 and dynamical system one as in ifTTl Th. 5.1] and [37, Th.8.3]. 
Our method is different from theirs completely. Recently, Duc-Hung-Khai |fT9ll gave a 
new proof to the Morse-Palais lemma based on elementary differential calculus. It seems 
that the parameterized versions of the new Morse lemma cannot be applied to the above 

3 This is called strictly differentiable in [15 , page 30]. 

4 It is also called strongly F-differentiable in some books, for instance. Question 7) at the end of |[T8l 
Chap.8, §6]. 
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two typical functionals yet. After carefully analyzing the functionals we combine it with 
some techniques from [[27j |43l @6l to successfully design a splitting lemma which is ap- 
plicable to our above functionals. For completeness and reader's convenience we state the 
parameterized versions of Duc-Hung-Khai's Morse-Palais lemma in |fT9l and outline its 
proof in Appendix lAl Some results on functional analysis are given in Appendix [Bj 

In Section [2] we state our main results, which include a new splitting lemma, Theo- 
rem 12.11 and the corresponding shifting theorem, Corollary 12.61 We also obtain critical 
group characteristics for local minimum and critical points of mountain pass type under 
weaker conditions in Corollaries 12.71 12.91 respectively. Corollary 12.51 and Theorem 12.101 
study relations between critical groups of a functional and its restriction on a densely 
imbedded Banach space, which are very key for our current work 11351 . A theorem of 
Poincare-Hopf type, Theorem 12.121 is proved in Section [5l We also study the functor 
properties of our splitting lemma in Section [6[ and estimate behavior of the functional C 
of Theorem 12. II near 9 in Section [7J As concluding remarks it is shown in Section [8] that 
the most results in Theorem 12. II still hold true under weaker conditions. 

These result have been used in ||34ll to generalize some previous results on computa- 
tions of critical groups and some critical point theorems to weaker versions. 

This paper consists of the sections 1,2 and the appendix of 11331 , which is not to be 
published elsewhere. The fourth section of [33] has been rewritten and extended into a 
separate paper. The author would like to express his deep gratitude to the anonymous 
referee for many valuable revision suggestions and for pointing out many misprints. 

2 Statements of main results 

Let if be a Hilbert space with inner product (-,-)# and the induced norm || ■ ||, and let X 
be a Banach space with norm || • \\ x , such that 

(S) X C H is dense in H and the inclusion X H is continuous, i.e. we may assume 

< \\ x \\x V x e X. 

For an open neighborhood V of the origin 9 E H, V fl X is also an open neighborhood 
of 9 in X, denoted by V x for clearness without special statements. Suppose that a 
functional C : V — > R satisfies the following conditions: 

(Fl) C is continuously directional differentiable (and thus C 1_0 ) on V . 

(F2) There exists a continuously directional differentiable (and thus C 1_0 ) map A : 
V x — > X, which is strictly Frechet differentiable at 9, such that 

DC(x)(u) = (A(x), u) H \/x e V x and u e X. 

(This actually implies that C\ v x e C^V*, R).) 
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(F3) There exists a map B from V x to the space L S (H) of bounded self-adjoint linear 
operators of H such that 

(DA(x)(u),v) H = {B{x)u,v) H Va; G V x and G X. 

(This and (F1)-(F2) imply: (a) A is Gatuax differentiable and DA(x) = B(x)\x 
for all x e V x , (b) B(x){X) C I Vi 6 V^, (c) d(C\ v x) is strictly Frechet 
differentiable at 9 G V x , and d 2 (£\ v x)(9)(u, v) = (B(9)u, v) H for any u, v G X.) 

(CI) The origin 9 G X is a critical point of £|yx (and thus £), is either not in the 
spectrum o{B{9)) or is an isolated point of a(.B(#)).§ 

(C2) If u e H such that B{9){u) = v for some v e X, then u e X. 

(D) The map B : V x — > L S (H) has a decomposition § 

B(ar) = P{x) + Q(x) Vx G 

where P(x) : H — > H is a positive definitive linear operator and : — > H is 
a compact linear operator with the following properties: 

(Dl) All eigenfunctions of the operator B{9) that correspond to negative eigenval- 
ues belong to X; 

(D2) For any sequence {xk} C V fl X with \\xk\\ — > it holds that \\P(xk)u — 
P(9)u\\ -)■ for any u e H; 

(D3) The map Q : V fl X — > L(H) is continuous at 9 with respect to the topology 
induced from H on V fl X; 

(D4) For any sequence {x n } C V" fl X with ||x n || — > (as n — )■ oo), there exist 
constants C > and n GN such that 

(P(x n )u,u)H > Co||w|| 2 Vm £ H, Vn > n . 

Sometimes we need to replace the condition (D4) by the following slightly stronger 
(D4*) There exist positive constants t] > and C' > such that 

(P(x)u,u) > C' \\u\\ 2 \/u eH^xe B H (9,r] )nX. 



5 The claim in the latter sentence is actually implied in the following condition (D) by Proposition lB.2l 
In order to state some results without the condition (D) we still list it. 

6 Actually, this and (D4) imply the claim in the second sentence in (CI) by Proposition |B.2| 
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Here is a way looking for the map B. Suppose that C\ v x is twice Gateaux differen- 
tiable at every point x G V x , i.e. for any u±, u 2 G X the limit 

DC\ v x(x] Ul ,u 2 ) = lim lim -^-A, 2 iu 42M2 £(x) 

exists and is linear continuous with respect to U{, i = 1,2, where 

At 1Ui t2U2 C(x) = C(x + tim + t 2 u 2 ) - C(x + hui) - C(x + t 2 u 2 ) - C(x). 

By (F2) the map A : V x — > X is Gateaux differentiable and 

-D£|yx(x; Mi, m 2 ) = (A'(x)u 2 ,ui)h Vx G mi,m 2 G X. 

If (mi,m 2 ) i — ^ _D£|yx (x; iti, m 2 ) is symmetric then A'(x) G £(X) is self-adjoint with 
respect to the inner (-, •) H . By Question 17) at the end of [fT8l Chap. 1 1, §5], A'(x) can be 
extended into an element B(x) G L S (H) with the following properties: (a) ||-B(x)||l(#) < 
px(A'(x)) < \\A'(x)\\ L (x) and<r(J3(a;)) C <x(A'(x)), (b) if A'{x) is compact in (X, || • 
so is B(x) in (ff, || ■ ||). In the case, if B is a map satisfying the conditions (F3), (C1)-(C2) 
and (D), it holds that B(x) = B(x) Vx G V x . 

By the assumption (D) each B(x) is Fredholm. In particular, H° := Ker(B(9)) is 
finitely dimensional. Let H ± := (H ) 1 - be the range of B{6). There exists an orthogonal 
decomposition H = H° © H.^ = H° © H~ © H + , where H and H + are subspaces in- 
variant under B{9) such that B(6) \h+ is positive definite and B(Q)\ H + is negative definite. 
Clearly, we have also 

(B(6)u, v) H = Vm G H+ © H~, v G #°, ] 

{B{6)u,v) H = 0VueH- ®H°, veH+, \ (2.1) 

(B(0)u, u) h = Vm G © v G J 

By the condition (CI) there exists a small a > such that [— 2a , 2a ] PI u(B{6)) at most 
contains a point 0. Hence 

{B{6)u,u) H > 2a \\u\\ 2 Vm G 1 

(B(9)u,u)h < — 2<2o||m|| 2 WueH-. J ^ ; 

The conditions (C2) and (D) imply that both if and i/ are finitely dimensional sub- 
spaces contained in X by Proposition IB .21 Denote by P* the orthogonal projections onto 

H*, * = +,-,0, and by X* = X n H* = P*(X), * = +,-. Then X+ is dense 
in H+, and (J - P°)\ x = (P+ + P~)\ x : (X, || ■ \\ x ) (X ± , || - ||) is also con- 
tinuous because all norms are equivalent on a linear space of finite dimension, where 
X ± : = XH(7 - P°)(H) = XHH ± = X~ + P + (X) = X- + H+ n X. These give the 
following topological direct sum decomposition: 

X = F° © X ± = #° © x + © x~. 
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Let v = dim H° and jj = dim H _ . We call them the nullity and the Morse index of critical 
point 6* of £, respectively. In particular, the critical point 9 is said to be nondegenerate if 
v = 0. Since the norms || • || and || • \\ x are equivalent on the finite dimension space H° 
we shall not point out the norm used without occurring of confusions. In this paper, for a 
normed vector space (E, \\ ■ ||) and 5 > let B E (9, S) = {x G E : \\x\\ = \\x — 9\\ < 5} 
and B E (9, 5) = {x e E : ||x|| < 5}. Moreover, we always use 9 to denote the origins 
of all linear spaces without occurring of confusions. 

Theorem 2.1. Under the above assumptions (S), (F1)-(F3) and (C1)-(C2), (D), if v > 
there exist a positive e G M, a (unique) Lipschitz continuous map h : B H o(9,e) = 
B H (6, e) n H° -> X± satisfying h(9) = 9 and 

(I - P°)A(z + h{z)) — WzeB H o(9 7 e) 7 (2.3) 

an open neighborhood W of 9 in H and an origin-preserving homeomorphism 

$ : B H o(9,e) x (B H+ (0,e) + B H -(9,e)) -» W (2.4) 

of form $(z, u + + it - ) = z + fo(z) + 4> z {u + + vwY/z (f) z (u + + w - ) G i/ 1 * 1 smc/i ?/za? 

Co$(z,u + + vT) = \\u + \\ 2 - \\u-\\ 2 + C(z + h(z)) (2.5) 

for all (z, u + + u~) G B H o(9, e) x (B H +(9, e) + B H -(9, e)), an J ?/za? 

$(^o(0,e)x (%(0, e )nl + 5 r (fl, f ))) CX (2.6) 

Moreover, the homeomorphism $ ftas a/50 properties: 

(a) For eacft z G B H o(9,e), $>(z,9) = z + h(z), 4> z {u + + G H if and only if 
u + = 9; 

(b) The restriction 0/$ to Bho (9, e) x Bh- {9, e) is a homeomorphism from Bho (9, e) x 
B H - (9,e) C X x X onto $(B H o (9, e) x B H - (9, e)) C X even if the topologies on 
these two sets are chosen as the induced one by X. 

The map h and the function B H o (9, e) 9 m C°{z) := C(z + h(z))\^also satisfy: 

(i) The map h is strictly Frechet differentiable at 9 G H and 

h'(9)z = -[(/ - P°)A'(9)\ X ±]- 1 (I - P°)A'(9)z Vz G H°; 

(ii) C° is C 2 -°, 

dC°(z )(z) = (A(z + h(z )),z) H Vz G B H o(G,e), z G H°, 

and dC° is strictly F -differentiable at 9 G -£f° and d 2 C°{9) = 0; 
7 If A is C 1 then maps h and £° have higher smoothness too, see Remark [3?2l 
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(iii) If 9 is an isolated critical point of C\ v x, then 9 is also an isolated critical point of 
C°. 

If the strictly Frechet differentiability at 9 of the map A : V x — > X in (F2) is replaced 
by weaker conditions we shall show in Section [8] that the most results in Theorem 12. II still 
hold true. 

Under the conditions (L1)-(L3) it was proved in ll32l that the functional C T in (|1.2I) 
satisfies the assumptions of Theorem |2. li near a critical point of it. In fact, a special version 
of Theorem 12.11 was used there. As stated in ll43l §5.2] the arguments of [43, Chap. 3] 
showed that the functional F in (11.11) satisfies the assumptions of Theorem 12.11 near a 
critical point of it too. Our frame conditions in Theorem 12. 1 1 seem strange and complex. 
But they come from abstract and analysis for the studies in ll43l . Of course, the theory of 
this paper can be used to improve one of Ii43l . This work is in progress. 

Remark 2.2. (i) Note that our proof only use the Banach fixed point theorem or the 
implicit function theorem in the case H° ^ {0}. If H° = {0}, we do not require the 
completeness of (X, \\ ■ \\ x ), that is, the condition (S) can be replaced by the following 

(S') (X, || ■ || x ) is a normed vector space, X C H is dense in H and the inclusion 
X <^-> H is continuous, i.e. we may assume ||x|| < ||x||x Vx £ X; 

And the conclusions of Theorem 12.11 become: There exist a positive t G 1, an open 
neighborhood W of 9 in H and an origin-preserving homeomorphism, : B H +(9, e) + 
B H - {9, e) -»■ W, such that 

Co<p( u + +u~) = \\u + \\ 2 - \\u-\\ 2 (2.7) 

for all (u + ,u~) e B H +(9,e) x B H - (9, e), and that 

<f>((B H+ (9,e)nX) + B H -(9,e))cX. 

Moreover, 4>{u + + u~) E H if and only if u + = 9, and the restriction of <p to B H - (9, e) 
is a homeomorphism from B H - (9, e) C X onto <p(B H - (9, e)) C X even if the topologies 
on B H - (9, e) C X and <fi(B H - (9, e)) C X are chosen as the induced ones by X. 
(ii) Suppose that C is only defined on V fl X and that the condition (Fl) can be replaced 
by the following 

(Fl') C is continuously directional differentiable (and so C 1_0 ) on V fl X with respect to 
the topology of H. 

Then the origin-preserving homeomorphism in (|2.4I) should be changed into 

$ : B H o(e,e) x (B H+ (G,e) f) X + B H -(6,e)) W n X (2.8) 

(with respect to the topology of H), which satisfies (12.51) for all (z, u + , u~) £ B H o (9, e) x 

(B H+ (9,e)nX + B H -(9,e)). 
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Remark 2.3. Since Lemmas 13.31 13.4-1 are only used in the proof of Lemma [331 Carefully 
checking the proof of the latter one easily see that the condition (D) can be replaced by 
the following 

(D') There exist a small neighborhood U C V of 9 in H, a positive number cq and a 
function oj : UC\ X — > [0, oo) with property uo(x) — s-OasxGf/flX and ||x|| — > 0, 
to satisfy 

(D[) The kernel i/° and negative definite subspace H of B{9) are finitely dimen- 
sional subspaces contained in X;§ 

(D' 2 ) (B(x)v,v) H > c \\v\\ 2 Vt» G 

(D^) - (B(9)u,v) H \ < u(x)\\u\\ ■ \\v\\ Vu E H,v E H © H°; 

(D£) (-B(x)u, u) H < -colkf Vm G ff-. 

Remark 2.4. When (X, || ■ \\ x ) = (H, \\ ■ ||) the conditions (F1)-(F3) are reduced to: 

(F) C is C 1 , V£ is continuously directional differentiable (and so Gateaux differen- 
tiable) in V and strictly Frechet differentiable at 9 E H, and := D(VC)(x) G 
L S (H) for any x E V. 

Clearly, this holds if £ G C 2 (V,M). In fact, the condition (CI) for B(6) = d 2 £(6) also 
imply the condition (D) in the case dimiJ © H < oo. In order to see this we can 
write B(x) = P(x) + Q(x), where P(x) = P + B(x) - P~B{x) + P° and Q(x) = 
2P~B(x) + P° + P°B(x). The latter is finite rank and therefore compact. The continuity 
of the map B : V — >■ L S (H) implies that both maps P and Q are continuous, and that 
there exists a 5 > such that 

\\B(x)-B(e)\\ L{H) <min{a Q ,l}/4 Vx E B H (6,5). 

Note that (P(6)u,u) H > min{a , 1}|M| 2 Vn G H and that 

\(P(x)u,u) H - (P(e)u,u) H \ <2\\B(x)- B(6)\\ L{H) ■ \\u\\ 2 MuEH. 

We get 

(P(x)u,u) H > X 2 J ||m|| 2 Vm G i?. 

These show that the condition (D) is satisfied. Hence Theorem 12. II is a generalization of 
JM Th.3] and J37l Th.8.3], EQ Th.2.2], and [11, Th.5.1. p.44] in the case dim H°®H- < 
oo (a condition naturally satisfied in applications). Since the strictly Frechet differentiabil- 
ity of V£ at 9 E H implies that V£ is C 1_0 near 9, we cannot guarantee that Theorem l2.ll 
include OS Cor.3]. (Note: By El Th.4.5] the assumptions in J38l Th.1.2] is actually the 
same as that of ll26l Cor.3], but the author cannot verify the equalities /i 2 °^3 = id = h 3 oh 2 
below (2.19) of®.) 

8 It seems to be sufficient for us to assume only that H° C X and is closed in X. 
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For an open neighborhood W of 9 in H, we write W = W D X as an open neigh- 
borhood of in X. Note that (C\ v x) n (W n X) = (£| y x) Q n W = C nW x . 

Corollary 2.5. For any Abel group K and an open neighborhood W of 9 in H, the 

inclusion 

r w ■. (C n w x , c n w x \ {9}) ^ (C nw,c o nw\ {9}) 

induce surjective homomorphisms 

h,(Cq n w x , c nw x \ {ey, k) ->• #*(£ n w, £ n w \ {ey, k). 

Hereafter if g (y4,_B;K) denotes the gth relative singular homology group of a pair 
(A, B) of topological spaces with coefficients in K. 

One of important applications of the splitting lemma is to compute critical groups of 
critical points. Recall that for q e N U {0} the qth critical group (with coefficients in K) 
of a real continuous functional / on a metric space M. at a point x E Ai is defined by 

C q (f, x; K) = H q (f c HU,f c nU\ {x}; K), 

where c = f(x) and U is a neighborhood of x in .M. The definition of the critical groups 
are independent of the special choice of U because of the excision property of the singular 
homology. If M. is a Banach space and / is C 1 then the gth critical group of an isolated 
critical point x may equivalently be defined as 

C q (f, x- K) = H q ((f° c U {x}) n u, f° c n U; K), 

where c = /(x), f° = {/ < c} and [/ is as above. (See [fT7l Prop. 3. 7]). 

If the critical point 9 of £ is isolated, then it is also an isolated critical point of C\yx, 
By Theorem 12. II 9 E H° is an isolated critical point of C°. Since C° is also C 2 ~° and 
dim H° < oo we can construct a C 2 ~° function on if that satisfies the (PS) condition 
and is equal to C° near 9. With the same proof method as in [|37l Th.8.4] or [[121 Th.5. 1.17] 
we can use Theorem lA.il to derive: 

Corollary 2.6 (Shifting). Under the assumptions ofTheorem \2.1\ if 9 is an isolated criti- 
cal point of C, for any Abel group K it holds that 

C q (C, 9- K) = C q ^(C°, 9-K) Vg = 0, 1, • • - , 

where C°(z) = C(h(z) + z). {Consequently, C q (C,9;~K) = for q ^ [//,// + u], and 
C q (C, 9] K) is isomorphic to a finite direct sum riK © ■ ■ ■ © r s Kfor each q E [/x, /x + i/], 
where each rj E {0, 1}, see Proposition \4.5\ ) 
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Corresponding with Proposition 3.2 of J3), but no requirement for the (PS) condition, 
we have 

Corollary 2.7. Under the assumptions ofTheorem \2.1\ if 9 is an isolated critical point of 
C, the following are equivalent. 

(i) 9 is a local minimum; 

(ii) C q (£,9;K) ^5 q0 K VgGZ; 

(iii) C (£,9;K)^0. 

Actually our proof shows that (iii) implies 9 to be a strict minimum. 

Since d 2 C\ v x(9)(u, v) = (B(0)u,v) H Vu,v G X we arrive at H° = {9} = H 
provided that d 2 (£\ v x)(9)(u, u) > for any u G X \ {9}. From Theorem 12.1 l or Step 3 
in the proof of Lemma 1331 we easily derive a similar conclusion of Tromba's main result 
Theorem 1.3 in ll45l without requirement for completeness of (X, || • \\x)- 

Corollary 2.8. Under the assumptions of Theorem 12.71 but no requirement for com- 
pleteness of (X, || • ||x), i-e., the condition (S) is replaced by (S'), suppose also that 
d 2 (£\ v x)(9)(u, u) > Ofor any u G X \ {9}. Then 9 is a strict minimum for C and thus 

C\yx. 

According to Hofer [24J the critical point 9 is called mountain pass type if for any 
small neighborhood O of 9 in H the set {x G O \ C(x) < 0} is nonempty and not path- 
connected. 

Corollary 2.9. Under the assumptions of Theorem \2.1\ ( and hence without the (PS) con- 
dition), let 9 be an isolated critical point of C with Morse index and nullity v. 

(i) //Ci(£, 9; K) j£ and u = dimKer(B(9)) = 1 then 

C q (C, 9; K) ^ 5 ql K \/q G Z; 

(ii) If v = dimKer(73(#)) = 1 in the case fi = dimH~ = 0, then 9 is mountain pass 
type if and only ifC q (C, 9; K) = <5 g iK Wq G Z; 

(iii) IfC^C, 9; K) ^ 0, then C q {C, 9; K) = 5 W K Vg G Z. 

The proofs of (i) and (ii) are the same as those of [fTTl Th.II.1.6] and (31 Prop.3.3], re- 
spectively, with some slight replacements by Theorem |2.11 (iii) corresponds to Proposition 
2.4 in [|2l and can be proved similarly. (Note that Theorem 4.6 in [ITT1 page. 43] does not 
need the (PS) condition in finite dimension space.) Since (Fl) implies that C : V — > R is 
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Gateaux differentiable, if V — X and DC : X — > X* is continuous from the norm topol- 
ogy of X to the weak* -topology of X* one may use a generalized version of mountain 
pass lemma in E2l to yield a critical point of mountain pass type provided that £ also 
satisfies the condition (C) (weaker than (PS)). 

If the critical point 9 of C is isolated, Corollary 12.51 yields surjective homomorphisms 
from critical groups C*(£\yx, 9; K) to C*(£, 9; K), which are also isomorphisms pro- 
vided that K is a field and both groups are finite dimension vector spaces over K of same 
dimension. When C G C 2 (V,R) and A G C\V X ,X) it follows from J27l Cor.2.8] that 
C*(£|yx, 9; K) = C*(£, 6; K) for any Abel group K. The following theorem generalizes 
and refines this. 

Theorem 2.10. Under the assumptions ofTheorem \2.1\ let 9 G H be an isolated critical 
point of £ and let (Y, || • ||y) be another Banach space such that X C Y C H and that 
(X, || ■ || x) is a densely embedded Banach space in (Y, || • ||y) (and /zence (Y, \\ ■ ||y) w 
a densely embedded Banach space in (H, \\ ■ ||) due to (S). We may assume that \\y\\ < 
WvWy G Y - anJ ||x||y < \\x\\x Vx G X). For an open neighborhood V of the origin 
9 G H, write V x = V fl X (resp. V Y = V HY) as an open subset of X (resp. Y) as 
before. Assume also that 

(i) C\ v y g C 2 (V Y ,R). 

(ii) The map A in (F2) belongs to C l (V x , X). § 

(iii) The map B in (F2) can be extended into a continuous map B : V Y — > L S (H) 
satisfying 

d 2 (C\ v y)(y)(u,v) = (B(y)u,v) H Vy G V Y andu,v G Y. 
Then for any open neighborhood Wof9 in V and afield F the inclusions 

r w - (c nw x ,c nw x \{9}) ^{c nw,Conw\{9}), 
F w : (c nw Y ,c nw Y \{9}) ^{c nw,c nw\{9}) 

induce isomorphisms 

ir : H* (c n w x } c nw x \ {9}; f) -> h* (C nw,c nw\ {9}; F) , 
IT : ff* (£ n w Y , c nw Y \ {9}-, f) (£ n pv, £ n \ {^} ; f) . 

Consequently, C*{£\ v x,9; F) = C*(£|yy, 5; F) = C,(£, 0; F). 

The first isomorphism in the final claims is due to Jiang EDl . see Corollary 14.41 Taking 
Y = X we get 

9 This and (i) imply C\ v x € C 2 (V X ,R). 
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Corollary 2.11. Under the assumptions ofTheorem \2.1\ also assume: (i) 9 is an isolated 
critical point of C, (ii) C\ v x E C 2 (V X , E), (iii) the map A in (F2) belongs to C l (V x , X), 
(iv) the map B in (F3) is continuous, Then for any open neighborhood W of 9 in V and 
afield ¥ the inclusion 

r w : (Co n w x , c nw x \ {9}) -+ (C n w, c n w \ {9}) , 

induces isomorphisms between their relative homology groups with coefficients in F. Spe- 
cially, C^C\ v x,6] F) = C*(4 9; ¥). 

If f2 C M n is a bounded open domain with smooth boundary <9f2, and / E C 1 (f2 x 
IR, IR) satisfies the condition: t)\ < C(l + for some constants C > and 

a < (if n > 2), then for an isolated critical point u of the functional 




(where F is the primitive of / with respect to u) on H = Hq (fl) it follows from Corol- 
lary [TUthat C*(J, n ; K) = C*(J\ X , u ; K) provided that u E X = C%(X) is also an 
isolated critical point of J\x- This result was obtained by Chang lfT3l under the assump- 
tion that J satisfies the (PS) C condition. Brezis and Nirenberg [[8l firstly proved it as uq is 
a minimizes 

Theorem 12. II and Corollary !2.6l cannot be applied to the geodesic problems on Finsler 
geometry directly. But as outlined in Remark 5.9 of ll32l we may develop an method of 
infinite dimensional Morse theory for geodesies on Finsler manifolds based on them in 
11351 . that is, giving the shifting theorem of critical groups of the energy functional of 
a Finsler manifold at a nonconstant critical orbit and relations of critical groups under 
iterations. In particular, Corollary |2.5| is a key for us to realize the second goal. 

Finally we give a theorem of Poincare-Hopf type. By the condition (Fl) the functional 
C : V — > IR is Gateaux differentiable. Its gradient V£ is equal to A on VOX by the condi- 
tion (F2). Furthermore, under the assumptions (F3) and (D) we can prove that for a small 
e > the restriction of V£ to P>h(0, 2e) has a unique zero 9 and is a demicontinuous map 
of class (S)+. According to and Il44l we have a degree deg BS (V£, B H (0, e),6). Under 
the conditions (Cl) and (C2), A'(Q) : X — > X is a bounded linear Fredholm operator of 
index zero, see the first paragraph in Step 1 of proof of Lemma [3TTT If the map A in (F2) 
is C 1 , then A is a Fredholm map of index zero near 9 E X and thus for sufficiently small 
e > there exists a degree deg FPR (74, B x (9, e), 9) or deg BF (A, B x {9, e), 9) according to 



Theorem 2.12. Under the assumptions ofTheorem \2.1\ one has: 
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(i) If the map A in the condition (F2) is C 1 near 9 G X, then for small e > 

deg FPK {A,B x {6,e),6) = deg BF {A, B x {9, e),9) 



= (-irdeg(vc° } B x (e,e)nH° } e) 

oo 

= ^(-lfrankC^A^K) 

q=0 

provided a suitable orientation for A. 

(ii) If 6 is also an isolated critical point of C, and the condition (D4*) holds true, then 
for a small e > 0, 

oo 

deg BS (VC,B H (9,e),9) = ^(-l) 9 rankC,(£^;K) 

oo 

= (-If ^(-l^rankCVOT^K) 

q=0 

= (-irdeg(V£°,B x (6,e)nH ,6). 

Here deg is the classical Brouwer degree. 

The first equality in (ii) of Theorem 12 .121 is a direct consequence of [14, Th.1.2] once 
we prove that the map V£ is a demicontinuous map of class (S) + near 9 e H. 

Using Theorem 12. II we also gave a handle body theorem under the our weaker frame- 
work in Theorem 2.8 of 11341 



3 Proof of Theorem 2.1 



We shall complete the proof of Theorem 12. II by a series of lemmas. 

Lemma 3.1. Under the above assumption (S), for an open neighborhood V of 6 £ H 
let C\vnx '■ y H X — > R be continuous and continuously directional differentiable^ 
(with respect to the induced topology onVH H from H). Let B{6) G L S (H) satisfy the 
conditions (CI) and (C2). Suppose that a map A : V x — > X is strictly F-differentiable at 
9 and satisfies A' (9) = B{9)\ x and 

D£(x)(u) = (A(x),u) H Vx e V Hi and u E X. 
Then there exist a positive r G R, a unique map h : B H o {9, r ) —> X^ 1 such that 
(i) h(9) = 9 and (I — P°)A(z + h{z)) = 9 for all z G B H o(9,r ); 
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The former can be derived from the latter with mean value theorem |42, Prop. 3. 3. 3]. 
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(ii) h is also Lipschitz continuous, strictly F-differentiable at 9 G H° and h'(9)z = 9 
for any z G H°. 

Moreover, the function C°(z) = £(z + h(z)) is C 2 ~°, 

dC°(z )(z) = (A(z + h(z )),z) H \/z eB H o(6,r ), z G H°, 

anddC° is strictly F-differentiable at 6 G H° andd 2 C°{9) = 0. (Clearly, if 9 is an isolated 
critical point of C\ v x (thus an isolated zero of A) then 9 is also an isolated critical point 
ofC°.) 

Proof. The proof method seems to be standard. For completeness and the reader's conve- 
niences we give its detailed proof in two steps. 

Step 1. Since B(9) G L S (H) and A'(9) = B(6)\ x (so B(0)(X) C X), using (C1)-(C2) it 
was proved in ED that B(8)(X ± ) C X ± and B(0)\ x ± ■ X ± -)■ X ± is an isomorphism. 
(Note: It is where the assumption (CI) is used to prove that the range R(B(6)) of B{9) is 
closed in H by Proposition IB .3 I ) 

Since A is strictly F-differentiable at 9 G X. It follows that 

\\A{xt) - B{9)xi - A(x 2 ) + B(9)x 2 \\x < K r \\ Xl - x 2 \\x (3.1) 

for all xi,x 2 G B x (9, r) with constant K r — > as r — > 0. (See the proof of ll26l Cor.3]). 
In particular, this implies that A is continuous in B x (9, r). Let 

C 1 = \\(B(9)\ x± )- 1 \\ L{x±jX±) and C 2 = \\I - P°\\l(x,x±)- (3.2) 

Fix a small T\ > so that C\C 2 K 2ri < 1/2. Consider the map 

S : B H o(9,n) x (B x (9,n) nx ± ) -^X ± (3.3) 

given by S(z,x) = -(S^lxi) -1 ^ - P°)A(z + x) + x. Let Zl ,z 2 G 5^(0, r x ) and 
xi, x 2 G Bx(0, n) n X ± . Noting £(0)xj G X ± and 5(6 1 )^ = 0, % = 1, 2, we get 

WSiz^Xi) - 5 , (z 2 ,z 2 )||x± 

< d ■ || (/ - PV(Z! + Xx) - - (/ - P°)A(z 2 + x 2 ) + B(9)x 2 \\ x± 
= C 1 -\\{I- P°)A{zi + - (/ - P°)B{9){ Zl + x x ) 

-(J - P°)A(z 2 + x 2 ) + (I - P°)P(0)(z 2 + x 2 )|| x± 

< dC 2 • \\A( Zl + Xi) - B{9){z x + xx) - A(2 2 + x 2 ) + B(9)(z 2 + x 2 )\\ x 

< CxC 2 K 2ri ■ \\z x + xi - z 2 — x 2 \ x 

< n\\ z i + x i - z 2 -x 2 \\ x if {zi,Xi) ^ (z 2 ,x 2 ). (3-4) 
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Here the first two inequalities come from (13.21) . and the third one is due to (13.11) . In partic- 
ular, for any z G B H o(9, r x ) and x±, x 2 G B x (0, r±) fl X ± , it holds that 

\\S(z,xi) - S(z,x 2 )\\ x ± < ^\\x 1 - x 2 \\ x if x x ^ x 2 . 
Moreover, since A(x) — > 9 as x — > 9 we can choose r G (0, rj.) such that 

= ||(5(0)| x± )- 1 (/-p o )^)IU ± 

< C 1 C7 2 ||A(z)|U<r 1 (l-l/2) = ^ 

for any 2 G B H o(9,r ). By Theorem 10.1.1 in QjH §10.1] there exists a unique map 
h : 5^0 (0, r ) -)■ Bx(0, r x ) n X ± such that Sfz, h(z)) = h(z) or equivalently 

(J - P°)A(z + h{z)) = 9 Vz G B H o(9,r ). (3.5) 

Clearly, /i(0) = 0. From this and d3~4b it follows that 

\\h(z 1 )-h(z 2 )\\ x <2\\z 1 -z 2 \\ x Vzi,z 2 G B H o(9,r ). (3.6) 

That is, /i is Lipschitz continuous. 

For small Z{ G B H o(9, r ) set Xj = h(zi) in (13.41) . z = 1,2. We get 

||^i)-M^)k ± 
= ||5(z 1 ,^ 1 ))-s(^,Mz 2 ))|| x± 

< dC 2 ■ \\A{ Zl + h{z x )) - B(9)( Zl + h{z x )) 

-A(z 2 + h(z 2 )) + B(9)(z 2 + h(z 2 ))\\ x . (3.7) 

By (13.11) . for any e > there exists a number 8 > such that 

||A(y 2 ) - A'(0)(y 2 ) - A( Vl ) + A'(0)( yi )||x < e||y a - Vi\\x (3.8) 

for yi, y 2 G B x (9, 8). Let us choose 5 G (0, 8) such that z + h(z) G B x (9, 8) for any 
2 G B H o(0, <J ). From (13771) - (EH) and CLU) it follows that 

Whiz^-h^WxiKZCxC^Wzt-z^Wx Vz 1 ,z 2 eB HO (9,8 Q ). 

Hence h is strictly F-differentiable at 9 G if and h'{9) = 0. 

Step 2. Let us prove the remainder "Moreover" part. Since C\vnx is continuous and 
continuously directional differentiable (with respect to the induced topology on V fl H 
from H), for z G B H o (9, r ), z G H° and i G R \ {0} with z + tz G S^o (0, r ), by the 
mean value theorem we have s G (0, 1) such that 

£ o (z + tz)-£°(z ) 
= DC(z Sit )(tz + h(z + tz)-h(z )) 
= (A(z S!t ),tz + h(z + tz) -h(z )) H 

= (A(z s>t ),tz) H + ((I - P°)A(z s>t ), h(z + tz) - h(z )) H (3.9) 
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because h(z +tz)—h(z ) e X ± C H ± , where z S)t = z +h(z )+s[tz+h(z +tz)—h(z )]. 
Note that (1X61) implies 

||/i(zb + tz) -M^o)||if < ||/i(zo + te) -h(zo)\\ x < 2\t\r . 
Let £ -» 0, we have 

((/-P°)A(z Sit ),^o + ^)-^o))if 



< - P°)A(^)|| g ■ \\h(zo + tz) - h{z )\\ H 

\t\ 

< 2r \\{I - P°)A(z a>t )\\ x ± 
2r ||(/-PV(z + /^o))IU± =0 

because of (13.51) and the continuity of A in B x (0, r). From this and (13.91) it follows that 

D£°(z )(z) = lim £°fo + **)-£°(*b) = (i4( + h( )} z) 

t->o f 

Namely, £° is Gateaux differentiable at z . Clearly, z H- DC°(z Q )(z) is linear and contin- 
uous, i.e. C° has a linear bounded Gateaux derivative at z , DC°(z ), given by DC°(z )z = 
{A{z + h{z )), z) H = (P°A(z + h{z )), z) H Vz e if . 

Note that P(0)| H o = 0, B{6){H ± ) C and h(z ),h(z , ) e X ± c F± for any 
Zo, G B H o(9, r ). We have 

(P°P(#)(z + /i(zo)), z)h = (P°B(9)(z' + = G PT° 

From this it easily follows that 

\DC°(z )z - DC°(z' )z\ 
= | (P°A(z + h(z )) - P°A(z' + h(z' )), z) R \ 
= | (P°A(z + h{z )) - P°B(9)(z + h(z )), z) H 

-{P°A(z> + h(z' )) - P°B(6)(z> + h(z f )), z) H \ 

< \\P°A(z + h(zo)) - P°B(6)(z + h(z )) 
-P°A(z' + h(z' )) + P°B(6)(z' + h(z' ))\\ H ■ \\z\\ H 

< \\A(z + h(z ))-B(6)(z + h(z )) 
-A(4+h(4)) + B(9)& + h(4))\\ H -\\z\\ a 

< \\A(z + h(z ))-B(6)(z + h(z )) 

-A{z' + h{z' )) + B{0){z' o + h{z' ))\\x ■ \\z\\x (3.10) 

< K ro+n \\z + h(z ) -z' - h(z' )\\ x ■ \\z\\ x 

< 3K ro+ri \\z — z' \\x ■ \\z\\ x 
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because of (13.11) and (13.61) . Hence z i-)- DC°(z ) is continuous and 

\\D£°(z ) - D£ (z' )\\ L{H o iR) < 3K ro+n \\z - z' \\ x 

for every z , z' G B x (9, r ) fl H°. (Note: Since if and X induce equivalent norms on H° 
and thus on L(H°, R), the alternative cannot lead to any troubles for the arguments.) By 
(71 Th.2.1.13], this implies that C° is Frechet differentiable at z and its Frechet differen- 
tial dC°(z ) = DC°(z ) is Lipschitz continuous in z G B H o(0, r ). 

Now for any e > let 5 > such that (1X81) holds. For <5 G (0, 5) below (I3T8T) . by 
(T3.10I) and (f3T6l) we obtain 

IgLC ^) 2 — gLC°(,2q),2| 

< \\A(z + h(z ))-B(9)(z + h(z )) 

-A(z' + h(z' ))+ B(9)(z' + h(z' ))\\ x ■ \\z\\ x 

< 3e\\z - z' \\ x ■ \\z\\ x 

and hence \\dC°(z ) — dC°(z' )\\ L ^ H o^ < 3e\\z — z'^\ x for any z , z' G B H o(9, 5 ). This 
shows that dC° is strictly F-differentiable at 9 G H° and d 2 C°(9) = 0. Lemma O is 
proved. □ 

Since || • || and || • ||x are equivalent norms on H° we may choose S > so small that 
B H (9, 5) n H° C r ) n H° and that 

z + /i(z)+mGK V(>, u) G (B h (9,5) n if ) x (B H (9,8) nH*). (3.11) 

Remark 3.2. If A G C 1 (V rX ,X), we can directly apply the implicit function theorem 
flU Th.3.7.2] to C^map 

T:(H°f]V)x (X ± nV)^ X ± , (z, x) ^ (/ - P°)A(z + x), 

and get that the maps h and £° are C 1 and C 2 , respectively. Precisely, 

h'(z) =-[(/- P°M'(* + M^))U ± ] ~V - P°M'(* + M*))lfl° ■ 

□ 

Define a continuous map F : B H o(9, 5) x B H ±(9, S) — > R as 

F(z, u) = £(2 + + u) - £(z + h(z)). (3.12) 

Then for each z G B H o(9, S) the map F(z, •) is continuously directional differentiable in 
B H ± (9, 5), and the directional derivative of it at u G B H ± (9, 5) in any direction v G H ± 
is given by 

D 2 F(z,u)(v) = (A(z + h(z)+u),v) H 

= ((I-P°)A(z + h(z)+u),v) H . (3.13) 
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It follows from this and (13.51) that 



F(z, 0) = and D 2 F(z, 8)(v) = Wv G # d 



(3.14) 



Now we wish to apply Theorem lA.ll to the function F. In order to check that F satisfies 
the conditions in Theorem lA.il we need two lemmas. 

Lemma 3.3. There exists a function u : V D X — > [0, oo) such that u(x) — > as 
x E V H X and \\x\\ —> 0, and that 

\(B(x)u,v)h — (B(9)u,v)h\ < u(x)\\u\\ ■ \\v\\ 

for any x e V (1 X, u e H° ® H~ and v G H. 

Proof. Note that the condition (D2) can be equivalently expressed as: For any u G H it 
holds that \\P(x)u — P(9)u\\ —t-OasxeVDX and \\x\\ — > 0. Let ei, • • • , e m be a basis 
of H° © H with ||ej|| = 1, % = 1, • • • , m. Then 

\{B{x)e i ,v) H -{B{9)e i ,v) H \ 

< \(P(x)e i -P(9)e i ,v) H \ + \([Q(x) - Q{9)]e h v) H \ 

< \\P(x)ei - P(9)e i \\ ■ \\v\\ + ||Q(a;) - Q(9)\\ ■ \\v\\. 

Since H° © H~ is of finite dimension, there exists a constant C 4 > such that 

m m 

(X^N 2 ) ^^Nl Vm = ^t;e, G H°®H-. 



8=1 



1=1 



Hence for any w = Xli=i e © ^ we nave 
\{B{x)u,v) H -{B{9)u,v) H \ 

m m 

< ^ |fi|||P(s)e, ~ P(0)ei\\ ■ \\v\\ + ]T I^HIQ^) - Q(9)\\ ■ \\v\\ 



i=i 



< 



\\P{x)et - P(9) ei 



\\v\ i 

i=i 

|2 1 I U |2 



.1=1 



.1=1 



1/2 



£>l a ||Q(^) -Q(^)|| 



.i=i 



< 



1/2 



c 4 ^ ll^te - p (%H 2 + c 4 ^||Q(x) - Q(#)ll 



,i=l 



It f 



o;(x)||m|| ||, 
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where 



cJj2\\P(x)^-P(V)e* 



1/2 



C 4y /E\\Q(x) - Q(9)\\ 







as x G V fl X and llxll — >■ (because of the conditions (D2) and (D3)). 



□ 



When H° = {9} under the stronger assumptions the following lemma was proved in 
Il43ll46ll . We also give proof of it for clearness. 

Lemma 3.4. There exists a small neighborhood U C V of 9 in H and a number a\ G 
(0, 2ao] such that for any x G U fl X, 

(i) (B(x)u,u) H > a>i\\u\\ 2 Vm G H + ; 

(ii) \(B(x)u,v) H \ < co(x)\\u\\ ■ \\v\\ Vn G H + ,\/v G H © H°; 

(iii) (B(x)u,u)h < — Gto|M| 2 Vu G 
Proof, (i) By (T2T21) . we have 

(B(0)u, u) H > 2a4u\\ 2 \/u G H + . (3.15) 

Assume by contradiction that (i) does not hold. Then there exist sequences {x n } C V fl X 
with ||x n || — > 0, and {u n } G i/ + with \\u n \\ = 1 Vn, such that 

(B(x n )u n , u n ) H < l/n Vn = 1, 2, • • • . 

Passing a subsequence, we may assume that 

(B(x n )u n , u n ) H -> /? < as n -)■ oo, (3.16) 

and that w n — ^ m in if. We claim: u ^ 9. In fact, by the condition (D4) we have constants 
Co > and n G N such that (P(x n )u, u) > Co||m|| 2 for any u G H and n > n . Hence 



(B(x n )u n ,u n ) H = (P(x n )u n , u n ) H + {Q{x n)Uni Un) H 
> C + (Q(x n )u n ,u n ) H Vn > no. 

Moreover, a direct computation gives 

\{Q{x n )u n ,u n ) H - {Q{9)uo,u ) H \ 
= |((QW - Q(9))u n , u n ) H + (Q(9)u n , u n ) H - (Q(9)u , u n ) H 

+(Q(9)u ,u n - u )h 

< WQM - Q{9)\\ ■ \\u n f + \\Q(9)u n - Q(9)u \\ ■ \\u n \\ 

+ \(Q(9)u ,u n - uo) H \ 

< \\Q{x n ) ~ Q{0)\\ + \\Q(9)u n - Q(9)u \\ + \(Q(9)u , u n - u 



(3.17) 



(3.18) 



H ■ 
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Since u n — ^ u in if, lim^^ | (Q(9)u , u n — u ) H \ = 0. We have also 

lim \\Q{0)u n - Q{6)u \\ = (3.19) 

n— >oo 

by the compactness of Q(9), and 

lim UQM- 11=0 (3.20) 

n— too 

by the condition (D3). Hence (f3TT8T) - d3T20T) give 

lim (Q(x n )u n , u n ) H = (Q(8)u , u ) H . (3.21) 

n— >oo 

Then this and (l3TT6l) - (l3TT7l) yield 

> = lim (B(x n )u n ,u n ) H > C + (Q(9)u ,u ) H . 

n— >oo 

This implies u ^ 9. Note that w also sits in 
As above, using (13.201 ) we derive 

\(Q(x n )u ,u n ) H - (Q(9)u ,u ) H \ (3.22) 

< \(Q(x n )u ,u n ) H - (Q(9)u ,u n ) H \ + \{Q{9)u ,u n ) H - (Q(9)u ,u ) H \ 

< \\Q(x n ) - Q{9)\\ ■ \\u Q \\ + \(Q(9)u , u n - u ) H \ -> 0. 

Note that 

(B(x n )(u n - Uo),U n - U ) H 
= (P(x n )(u n - U ),U n - Uq)h + (Q(x n )(u n - «o), U n - U ) H 

> C \\u n - M || 2 + (Q(x n )(u n - U ),U n - Uq)h 

> (Q(x n )u n , u n ) H - 2(Q(x n )u , u n ) H + {Q{9)u , u ) H . 
It follows from this and (f3T2TT )- (i3T22T) that 

liminf( J B(x n )(M n - u ),u n - u ) H 

n— >oo 

> lim (Q(x n )(u n - u ), u n - u q )h = 0. (3.23) 

Note that w n — ^ u implies that (P(9)u , u n — u )h — > 0. We get 

\(B(x n )u ,u n ) H - (B(9)u ,u )h\ 
= \(P(x n )u ,u n ) H + (Q(x n )u ,u n ) H - (P(9)u ,u ) H - {Q{9)u ,u ) H \ 

< \(P(x n )uo,u n ) H - {P{9)u ,u )h\ + \(Q(x n )u ,u n ) H - {Q{9)u , u ) h \ 

< \{P{x n )u ,u n ) H - (P(9)u ,u n ) H \ + \(P(9)u ,u n ) H - (P(9)u ,u ) H \ 

+\{Q{x n )uQ,u n ) H - {Q{9)u ,u )h\ 

< \\P(x n )u - P{9)u \\ + \(P(9)u ,u n - u ) H \ 

+\{Q{x n )u ,u n ) H - (Q{9)u ,u )h\ -»■ 
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because of the condition (D2) and (13.221) . Similarly, we have 

lim (B(x n )u ,u ) H = {B(6)u ,Uo)h- 

n— ¥00 

From these, (|3.16l) and (13.231) it follows that 

< \immf(B(x n )(u n -u ),u n -uo) H 

n— >oo 

= liminf [(B(x n )u n , u n ) H - 2(B(x n )u , u n ) H + {B(x n )u , u ) H ) 

n— >oo 

= lim (B(x n )u n , u n ) H - (B(6)u , u ) h 

n— >oo 

= 0-(B(9)u o ,u o ) H . 

Namely, (B(9)u , u ) H < (3 < 0. It contradicts to (13.151) because u G H + \ {0}. 

(ii) By (O), (B(9)u, v) H = for u G H + and v G H° © The conclusion follows 
from Lemma 1331 immediately. 

(iii) By the choice of a we have (B(9)v ) v) H < — 2a ||w|| 2 Vf G H . By Lemma l3~3l for 
any a: G C/ fl X and u G we have 

{B(x)v,v) H = {B{6)v,v) H +{B{x)v,v) H -{B{6)v,v) H 

< (B(6)v,v) h + uj(x)\\v\\ 2 

< -2a \\v\\ 2 + uj(x)\\v\\ 2 . 

By shrinking U (if necessary) we can require that co(x) < a for any x G U fl X. Then 
the desired conclusion is proved. □ 

Since h(9) = 9, for the neighborhood U in Lemma l3~4l we may take e G (0, S) so 
small that 

z + h(z) +u + + u~ eU (3.24) 
for all z G B H o(9,e),u + G B H +(9,e) and G B H -(9,e). 

Lemma 3.5. For the above e > ?/ze restriction of the function F in A3.14\) to B H o (9, e) x 
(B H + (9, e) © B H - (9, e)) satisfies the conditions in Theorem \A.l\ 

Proof. By (13.121) we only need to prove that F satisfies conditions (ii)-(iv) in Theo- 
rem |ATj 

Step 1. For z G B H o(9,e), u + G B H (9,e) n X + and % ,1*3 G B H -(9,e), by the 
condition (F2) we have 

[D 2 F(z, u + + 112) - D 2 F(z, u + + uY)](u 2 - u±) 
= (A(z + h(z) + u + + u 2 ),u 2 - Ui) H 
— (A(z + h(z) +u + + u{),u 2 - u^) H . 
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Moreover, A is continuously directional differentiable so is the function 

u i — y (A(z + h(z) + u + + u), u 2 — Ui)h- 

By the mean value theorem we have t G (0, 1) such that 

(A(z + h(z) + u + + u 2 ), u 2 - u^) H 
— (A(z + h(z) + u + + Ui),u 2 - u{) H 
= (DA(z + h(z) + u + + + t{u 2 — u^)){u 2 — u±), u 2 — u±) H 

= (B(z + h(z) + u + + u± + t(u 2 - u{))(u 2 - Ui),u 2 - u±) H 
< — aollw^ — Ui\\ 2 

by Lemma l3~4U ii). Hence 

[D 2 F(z, u + + u 2 ) — D 2 F(z, u + + Ui)](u 2 — u±) < —olq\\u 2 — u{\\ 2 . 

Since B H (0, e) n X + is dense in B H (9, e) n H + we get 

[D 2 F(z,u + + u 2 ) - D 2 F(z,u + + u^)}(u 2 - u^) < -a Q \\u 2 - u~|| 2 . (3.25) 

for all z e B H o{6,e), u + G B H (9,e) n H+ and U r e B H (9,e) nH~,i = 1,2. This 
implies the condition (ii). 

Step 2. Let^ G B H o(9,s),u + G B H (9,e)f]X + andw" G B H -(9,e). Then by (J3J2>, 
the mean value theorem and (F2)-(F3), for some t G (0, 1) we have 

D 2 F(z, u + + vT)(u + - u~) 

= D 2 F(z,u + + u~)(u + - u~) - D 2 F(z,9)(u + -U-) 

= (A(z + h(z) +u + + u~) 1 u + -u~) H - (A(z + h(z) + 9),u + - u~) H 

= (B(z + h(z) +t(u + + u~))(u + + u~),u + -u~) g 

= (B(z + h(z) +t{u + + u-))u + ,u + ) H 

- (B(z + h(z) +t{u + +vr))vr,vr) H 

> ai||-u + || 2 + a ||-u~|| 2 

by Lemma l3~4l i) and (iii). As above this inequality also holds for all u + G B H +(9,e) 
because B H (9, e) DX + is dense in B H (9, e)nH + . Hence D 2 F(z, u + -u~) > 

for (u + , u~) 7^ (6, 9). The condition (iii) is proved. 

Step 3. For z G B H o(9, e) and u + G B H (9, e) fi X + , as above we have t G (0, 1) such 
that 

D 2 F(z,u + )u + = D 2 F(z,u + )u + - D 2 F(z,9)u + 

= {A{z + h(z) + u + ),u + ) H - {A(z + h(z) + 9),u + ) H 
= (B(z + h(z)+tu + )u + ,u + ) H 
> ai||M + f 
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because of Lemma [3T4](i). It follows that 

D 2 F(z,u + )u + > ai||M+|| 2 > p(\\u + \\) Vu + G B H (9,e) n H + \ {9}, 

where p : (0, e] — > (0, oo) is a non-decreasing function given by p(i) = ^-t 2 . This proves 
the condition (iv). □ 

By Lemma [331 we can apply Theorem lA.ll to F to get a positive number e, an open 
neighborhood W of B H o(9, e) x {0} in B H o(9, e) x i^" ± , and an origin-preserving home- 
omorphism 

<P : B H o(9, e) x (B H+ (9,e) + B H -(9,e)) W (3.26) 

of form 

00, w+ + w") = O,0 2 (> + + u~)) G B H o(9,e) x 
such that </> z (0) = 9 and 

£0 + + <Pz(u + , u - )) - C(z + h(z)) 
= F((f)(z,u + ,u-)) = \\u + \\ 2 - \\u-\\ 2 (3.27) 

for all (z,u + ,u~) G B H o(9,e) x B H +(9,e) x B H -(9,e). Moreover, z (u + + u~) G # 
if and only if u + = 9, and <p is also a homeomorphism from B H o(9,e) x B H -(9,e) 
onto W fl (B H o(9,e) x if - ) even if the last two sets are equipped with the induced 
topology from X, or, equivalently, for (z , Uq) G B h o (9, e) x B H - (9, e) and {(z k , u k )} C 
B H o (9, e) x B H - (9, e) it holds that 

n . - -n , n , / \\zk-z \\ x ^0 and 

Consider the continuous map 

$ : B H o(9,e) x (fl H+ (0,e) + B H -(9,e)) -> H, (3.29) 
(2, u + + «~) 1 — y z -\- h(z) + 4> z (u + + u~). 

Then dl27]) gives d23J, i.e. £($(z,m+,m-)) = ||u+|| 2 - \\u~ \\ 2 + C(z + h(z)). Since H° 
and H~ are finitely dimensional subspaces contained in X, from Steps 1,4 in the proof of 
Theorem lA.il it is easily seen that 

<f> g (B B+ (9,e)nX + B H -(9,e))(zX WzeB H o(9,e). 

Then (12.61) follows from this and the fact that Im(/i) C X ± C X. In particular, it holds 
that &(B H o (9, e) x (6 1 , e)) C X. Now we can complete the proof of Theorem l2.1l by 
the following lemma. 
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Lemma 3.6. Let W = Im(<I>). Then it is an open neighborhood of 9 in H and $ is an 
origin-preserving homeomorphism onto W. Moreover, if the topologies on B H o(9,e) x 
B H -(9,e) C X and $>(B H o(9,e) x B H -(9,e)) C X are chosen as ones induced by 
X, the restriction of$ to B H o(9, e) x B H - {9, e) is a homeomorphism from B H o{9, e) x 
B H -(6,e) Cl onto^(B H o(9,e) x B H -(0,e)) C X. 

Proof. Assume that ${z\, uf + u^) = $(z 2 , u 2 + u 2 ) f° r (^i, wf + iijf) and (z 2 , w^ + w^) 
in£ H o(0,£-) x (-B H+ (0, e) + B H -(9, e)). Then 

21=2:2 and h(z 1 ) -\- <j) Zl (uf + u^) = h(z 2 ) + (f) Z2 (u^ + U2). 

It follows that ft, (21) = h(z 2 ) and (f> Zl (ui + u^) = (f>z 2 { u t + u 2~)- This shows that 
4>(zi,uf + Ui) = 4>(z 2 , u 2 + u 2 ) and thus (uf, u±) = (u^, u 2 ). So $ is a bijection. 

Let (z, u + + u~) and a sequence {{z k ,u k + u k )} sit in B H o(0,e) x (B H +(9,e) + 
B H -(9, e)). Suppose that $(z fc ,w^ + u^) ->■ &(z,u + + u~). Then 

P°$(z fe ,w+ + u fe ) ^ P $(z,u + + U -) and 

(P + + u+ + Ufc ) -> (P + + P~)$(z, u + + u~). 

It follows that z k — y z, and thus ft(zjt) — > h(z) and (f) Zk (u k + w fc ) — >■ 4> z (u + + it~). This 
shows that 4>(z k , u k + u^) — > <fi(z, u + + u~) and hence (z fc , + % ) — > (-2, ^ + + «~) 
since is a homeomorphism. That is, is continuous. The first claim is proved. 

To prove the second claim, it suffices to prove that for (2^, Uq) G B h o (9, e) x B H - (9, e) 

and {(z k ,u k )} c B H o(9,e) x B H -(9,e) 

\\zk + u k — z — Uq II x -> if and only if 
Ikfc + ft(^fe) + <f>z k {u>k) - 2b - ftOo) - 2o Oo )IU ->■ °- 
Note that ft G C(B H o(9, 5), X^) and that X and PT induce equivalent topologies on 
H° + P . Since ||^ + u k — z — u \\ x — > if and only if ||^ — z ||x — > and 
\\u k — Uq (I x — >• 0, it follows from (13.281) that in (13.301 ) the left side implies the right side. 
Conversely, if the right of (13.301) holds, then 

||z*-zb|| = \\P°(z k + h(z k ) + (j) Zk (u k ))- P°(z + h(z ) + (j) Z0 (u ))\\ 
= \\z k + h(z k ) + <p Zk {u k ) - z Q - h(z ) - <t> ZQ (u )|| 
< \\z k + h(z k ) + (p Zk (u k ) - z Q - h(z ) - 4> zo {uq )\\ x -> 0, 
and hence \\z k — z a \\ x — > 0. It follows that ||ft(2:&) — h(z )\\ x — > and therefore 

ll<M%) -4>z (uq)\\x 
< \\zk ~ zq\\x + \\h(z k ) - h(z )\\x 

+ \\z k + h(z k ) + <fr Zk {u k ) -Zq- h(z ) - <fi zo (u )\\ x -> 0. 

From these and (13.281 ) we derive that \\z k + u k — z — Uq \\x -> 0. (13.301) is proved. □ 

In summary we have completed the proof of Theorem 12.11 
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4 Proofs of Corollaries 1231 12771 and Theorem 12.10 



4.1 Proof of Corollaries 2.5 and 2.7 



Proof of Corollary 12. 51 By the excision property of relative homology groups we only 
need to prove the corollary for some open neighborhood W of fl in H. Let W be as in 
Theorem |2T1 that is, 

W = $(B H a{e,e) x (B H+ (9,e) + B H -(e,e))). 



Set W _ := $ (B H o(9, e) x B H -(9, e)). It is contained in X by (|2~6T> . We write W _ as 
W 7 ^ when it is considered a topological subspace of X. Clearly, £ D Wq_ = (£| vnx)o H 



w 



£ H W X as sets. Define a deformation 77 : W x [0, 1] — > W as 



?7($(z,-u + + u ),t) = §(z,tu + + u ). 
It gives a deformation retract from £ fl W onto £ H Wo-. Hence the inclusion 

J : (Co n Wo-, £ n Wo- \ {fl}) ^ (£ n w, £ n w \ {fl}) 

induces isomorphisms between their relative singular homology groups with inverse (771)*, 
where 771 (•) = 77(1, •). That means that each 

a 6 H q (£ n W, £0 n W \ {fl}; K) 

has a relative singular cycle representative, c = V • fl'jCj, sucn mat 

|c| := Uj<r_j(A 9 ) C £ H W - and |9c| C £ D Wo- \ {9}. 

By the conclusion (b) in Theorem 12. II the identity map 

z°- : (£ n w£, £ n w x _ \ {9}) -> (£ n W _, £ n W - \ {fl}) 

is a homeomorphism. So c is also a relative singular cycle in 

(£ nWo x ,£ nw x \ {9}), 

denoted by c x . Then i°~ o c x = c. Denote by the inclusion 

y. (£ nw x ,£ nw x \{fl}) ^ (£ n w,£ nw\ {9}). 

Write W x = W fl X as a topological subspace of X, and denote by the inclusion 

i x : (£ n w x , c n w x \ {fl}) ^ (£ n w x , £ n w x \ {fl}) . 

Since i*([c]) = a, (i°~)*([c x ]) = [c] and I o = j o I x we obtain 

a = /* o (z -)*[cf] = o (/^[c*] = J*((/ X )*[c*]). 



This completes the proof of Corollary 12.51 



□ 
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Proof of Corollary 12. 71 As in the proof of [3, Prop. 3. 2] we only need to prove the im- 
plication (iii)=Ki). If v = dimP = 0, by (i) of Remark [2T2l and (12.71) we have 
C q (C, 0;K) = Vg G Z, where /i = dimP~. Hence p, = 0. Then (|2.7I) shows that 
is a strict minimum. If z/ > 0, by Corollary 12 .61 it must hold that p, = dimP~ = and 
C (£°, 0; K) 7^ 0. Since £° is C 2 ~° and dim if < oo we can construct a C 2 ~° function 
g on H° satisfying (PS) such that it coincides with £° near 9 E H°. By Theorem 4.6 on 
the page 43 of IfTTll . 9 is a minimum of £°. It follows from (12.51 ) that is a strict minimum 
of £. □ 



4.2 Proofs of Theorem 2.10 



Recall that H° = Ker(P(0)) and X ± = X n F± = (J H - P°)(X). Set y± = Y n P± = 
(I# — P°)(y). We need the following theorem by Ming Jiang. 

Theorem 4.1 (" [1271 Th.2.5]). Under the assumptions of Theorem \2.10\ (but it suffices to 
assume the density of X in Y), there exists a ball By (9, k), an origin-preserving local 
homeomorphism \P defined on By {9, and a C 1 map p : Bho(9, k) D H° — > X^ such 
that 

£ o *(y) = ^(5(0)^, y ± )n + £(2 + p(z)) \/y E B H o(9, K ), 

where z = P°(y) and y ± = (I - P°)(y). Moreover, ty(B Y (6, k) D X) C X and * : 
By (9, k) PI X — >• \]/(Py(0, «) fl X) a/so an origin-preserving local homeomorphism 
even if both By (9, k) fl X an J \l/(Py (0, /t) fl X) are equipped with the induced topology 
byX. 

Remark 4.2. (i) From the arguments of Lemma |3.1| and the proof of [1271 it is easily seen 
that near 9 E N the map p is equal to h in Lemma [3TTT 

(ii) It was proved in 11271 Prop. 2.1] that the condition (iii) in Theorem 12 .101 can be derived 
from others of this proposition and the following two conditions: 

(FN3a) Vx E V n X, 3 C(x) > such that 

|d 2 (£| y x)(x)(e,r ? )|<C(x)||eM|r/||Ve,r ? GX 

(FN3b) Vfe > 0, 3 5 > such that for any x u x 2 E V D X with - x 2 ||y < 5, 

I^OCIvxXziX^) - rf 2 (£|yx)(x 2 )(e,r/)| < e||e|| • |M| Ve,ry G X. 

If if - C y, then P + Y C y because iY° C I C F. In this case, for y G y we can 
write y ± = (I — P°)y = y + + y~ = P + y + P~j/ and hence 

{B(9)y ± , y x ) H = (P + B(9)P + y+, y+) H + (P~B(9)P-y-,y-) H 
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Define a functional £° : B H o(6, «) n H° R by £°(» = £(2 + /?(»). Then 9 e H° is 
its critical point, and also isolated if is an isolated critical point of C\ v x . By Remark [3T2l 
p is C 1 , and Lemma I3TT1 and Remark \4~2\ i) show that near 9 e if , 

d£°(z)(0 = + Oh = (^(* + On V£ e H°. 

If 9 is an isolated critical point of C\ v x (and hence C\ v y), then by Theorem 14.11 we 
can use the same proof method as in |[37] Th.8.4] or [12, Th.5.1.17] to derive: 

Corollary 4.3 (Shifting). Under the assumptions ofTheorem \4.1\ if 9 is an isolated criti- 
cal point of C\ v y , H C Y and dim if © H~ < 00, then 

C q (C\ v r,9; K) = C q ^(C°, 9; K) Vg 6 N U {0} 

for any Abel group K, where \i := dim if - . 

Corollary 4.4 ( ll27l Cor.2.8]). Under the assumptions of Theorem \4.1\ if 9 is an isolated 
critical point of L\yY , and H C X, then for any Abel group K, 

C q (C\ v x, 9; K) 9* C,(£| yy , 9; K) Vg = 0, 1, • • • . 

Actually, from the proof of J27l Cor.2.8] one can get the following stronger conclusion: 

Proposition 4.5. For any open neighborhood U Y of 9 in V Y and the corresponding one 
of 9 in V x , U x = U Y n X, the inclusion 

i-.(c n u x , c nu x \ {9}) -> (c n t/ y , £ n u Y \ {9}) 

induces isomorphisms 

t, : if* (£ n £ n f/ x \ {9}) -> if* (£ n t/ y , £ nt/ y \ {0}) 

for any Abel group K, where C = {x E V \ C(x) < 0}. 

Proof. By the excision property of the singular homology theory we only need to prove 
it for some open neighborhood U Y of 9 in V Y . By Il2~7l Claim 1]) 

\\y\\ D =\\(P + p-)y\\ Y +\\P + y\\ Y 

gives a norm on Y equivalent to || ■ \\ Y . Let n e (0, «) be so small that 

f? y := G y | \\y\\ D < k } C B Y (9,5) (4.1) 

and that t/ y = ^(B Y Q ) (resp. n X)) is a neighborhood of 9 in y (resp. X) which 

only contains 9 as a unique critical point of C\ v y (resp. £|yx). (This can be assured by 
the second claim in Theorem 14 Ah For conveniences let 

y = C nU Y and x = y n x = c nu x = {y e u Y n X \ C(y) < 0}, 
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and let i : {X, X \ {9}) ^(y,y\ {9}) be the inclusion. By Theorem|4j]we have 
*- 1 (J0 = {ye^ I 1 -(B(e)y\y ± ) + C(z + p(z))<0^ 

and 

(y- l \ y )* : y \ {9}) = H^-\y), *-\y) \ {9}), 
(#- x U)* : h*(x, x \ {9}) = H^-\y) n x, n x \ {9}). 

Define tf-^CW = ^~\y) n (H° + H~). Then ^- 1 {y) Q _ C X and thus 

^Wo^^^nl (4.2) 
For in (14.11) let 3ft : [0, 1] x B^ o — > Y be the continuous map defined by 

3fJ(t,l/) = (P + p-)i/ + (l-t)P + i/. 

Clearly, 8(0, •) = id, 8(t, Olw-^DOo- = id and 8(1, tf- 1 ^)) C ^QV- It was 
proved in 11271 that 3ft is also a continuous map from [0, 1] x (B? PI X) to X (with respect 
to the induced topology from X) and that 

(i) $i(i^-\y)\{9}) cv-\y) -\{9}, 

(II) 3ft(i, tt- 1 ^) \ {9}) c \ {0} for t e [0, 1]. 

These show that 3ft gives not only a deformation retract from \& _1 (3^) \ {6*}) to 

(^QV, tf^QV \ W), but also one from (tf" 1 ^) n X, tf" 1 ^) D X \ {9}) to 

(^QV n x, tf^QOo- n x \ {9}) = (*-\y) -, *-\y) Q - \ {9}) 

(with respect to the induced topology from X). Hence inclusions 

z* : (^OV, r^yjo. \ {9}) ^ (tf" 1 ^), \ {#}) and 

i* : (tf^OV n x, tf^OV n x \ {^}) (tf- 1 ^) n x, tt- 1 ^) n x \ {9}) 

induce isomorphisms 

H^-\y) ^ V-\y)o- \ {9}) % H^-\y), *-\y) \ {9}) and 

H^-\y) ^ n x, ^QV n x \ {9}) % H^-\y) n x, tt- 1 ^) n x \ {#}). 

Consider the inclusions 

. n X, tf" 1 ^) n X \ {#}) (tf -1 ^), ty- l {y) \ {9}) and 

C : (*- l (30o- n x, r^ov n x \ {#}) ^ (^OV, ^OV \ {*})• 
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It is obvious that i xy o i* = i» o Since H° + #~ C X, both (if + #~ || • \\ x ) 
and (i/ + H , \\ ■ \\ Y ) are complete. Hence the norms \\ ■ \\x and || • \\ Y are equivalent 
on H° + H~. It follows from this and (14.21) that i xy is a homeomorphism. This shows 
that (zj^O* and hence is an isomorphism. Note that ( ^3> 1 1 3^ ) o l = i xy o (\I> 1 1 ^t - ) . 
Proposition [43] follows immediately. □ 

Before proving Theorem 12.101 we also need the following observation, which is con- 
tained in the proof of Q~U Th.3.2, page 100] and seems to be obvious. But the author 
cannot find where it is explicitly pointed out. 

Remark 4.6. Let H be a real Hilbert space, and let / G C 2 (H, E) satisfy the (PS) con- 
dition. Assume that df(x) = x — Tx, where T is a compact mapping, and that p is an 
isolated critical point of /. Then for any field F and each q G N U {0}, C q (f,po; F) is 
a finite dimension vector space over F. In particular, if / G C 2 (M. n , R) has an isolated 
critical point p G W 1 then C q (f,po] F), q = 0, 1, • • • , are vector spaces over F of finite 
dimensions. In fact, by IfTT] (3.2), page 101] we have 

a(/,Po; F) = ff„(W, w_- F) = H t (/| 7 n w, /_ §7 n f) , 

where (W, is a Gromoll-Meyer pair of / at po, and / has only nondegenerate critical 
points {pj}™ inW, finite in number, contained in B H {p 0l 5) C Int(VK) n/ _1 [— 7/3, 7/3]. 
Hence C*(/,p ; F) = ©7L 1 C'*(/,Pj; F). The claim follows because each C q (f,pj] F) is 
either F or 0. 

Proof of Theorem \2.10\ By assumptions (X,H,C) and (X, Y, H, C) satisfy the condi- 
tions in Corollary 12 .61 and in Corollaries 14 . 3 [ |4T4] respectively. By Remark 1431 near 9 G H° 
the maps h and p are same. Then Corollaries 12.61 1431 and I4.4l lead to 

C*(A 9; K) S G^O^V, 0; K) S C*(£| y *, 0; K) (4.3) 

for any Abel group K. 

Note that we may assume that W is given by Theorem 12.11 because of the excision 
property of the singular homology groups. By Propo sition 14.51 the inclusion 

r y : (Co n w x , c n w x \ {9}) ^ (c n w Y , c nw Y \ {9}) 

induces isomorphisms I* y , 

H* (Co n w x , c nw x \ {9}-, k) -> #„ (£ n £ n^ y \ {9}-, k) . 

By g3J and Remark WM for a field F and each q G N U {0}, 

C q (C\ v x, 9; ¥) = H q (C n £ rW x \ F) , 
C q (£\ vY , 9; ¥) = H q (Co n £ nlf y \ F) , 
C,(£, 0; F) - if, (A) nf,£„nf\ {9}; ¥) 
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are isomorphic vector spaces over F of finite dimension. Then any surjective (or injective) 
homomorphism among them must be an isomorphism. By Corollary 12.51 If" 1 is a surjec- 
tion and hence an isomorphism. Since I™ = I% w o I* y , If" is also an isomorphism. □ 



We use the ideas of [|24l| to prove (i) in Step 1, and then derive (ii) in Step 2 from 031 
Th.1.2] by checking that V£ is a demicontinuous map of class (S)+. 
Step 1. By the first paragraph in Step 1 of Lemma[3j] (I - P°)B(9)\ X ± : X ± X ± is 
a Banach isomorphism. Consider the C l map 6 : [2, 3] x (V fl X^) — > X ± given by 



Then D 2 Q(t, 9) = (I - P°)B(9)\ X ± for all t G [2, 3]. By the inverse function theorem 
there exist positive constants p G (0, r ] and Cj > 0, Cg > such that 

CVNU < ||e(*,u)|U<c B |HU yueB x (e, P )nx ± , * e [2,3]. (5.2) 

Following the notations in Lemma I3T1 we can shrink p > (if necessary) such that the 
following (i)-(iii) are satisfied: 

(i) 9 is a unique zero of A in B x (9, 2p), 

(ii) z + G B x {9, To/2) for any 2 G B x (6,2p), 

(iii) || ^|| jsc < r and ||w||x < r o fo r any 2 + u G B x (9, 2p). (This is possible because z 
belongs to the finite dimension space H°.) 

Now we define a map T : [0, 3] x B x (9, p) — )■ X, (t, 2; + u) i->- Y t {z + u), where 



Clearly, V is C°, and every T t is C 1 and satisfies T t (9) = 9. Let us prove: 
Claim 5.1. 3 e G (0,p) such that T t (x) ^6V(t,x) G [0,3] x (B x (9,e) \ {9}). 

In fact, assume that T t (z + u) = 9 for some t G [0, 1] and z + u G B x (9, p). Then 
(J - P°)A(2 + u) + P°A(th(z) + (l-t)u + z) = 9 and hence 

(I - P°)A(z + u) =9 and P°A(t/i(^) + (1 - t)u + z) = 9. 

By the first equality, (13.51) and the uniqueness we have u = h(z). So the second equality 
becomes 

9 = P°A(th{z) + (1 - t)u + z) = P°A(th{z) + (1 - t)h(z) + z) = P°A(z + h(z)). 



5 Proof of Theorem 12.12 



(t, u)^{3- t)(I - P°)A(u) + (t - 2){I - P°)B(9)u. 



(5.1) 




(/ - P°)A(z + u) + P°A(th(z) + (1 - t)u + z) if t G [0, 1], 

(J - P°)A(u + (2 - + P°A(z + h{z)) if t G [1, 2], 

(3 - t)(I - P°)A(u) + (t- 2){I - P°)A'(9)u + P°A(z + h(z)) 



if t G [2,3]. 
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This and (13.51) give A(z + h(z)) = 9. By (i) we get z + h(z) = 9. That is, z = 9 and 
z + u = 9. 

Similarly, let T t (z + u) = 9 for some t G [1, 2] and z + it G B x {9, p). Then 
(J-P°)A(w+ (2-t» = and P°A(^ + = 9. 

(13.51) and the second equality yield A(z + h(z)) = 9, and hence z = 9 as above. Since 
I M|x < r < T\, it follows from the first equality and the construction of ft, above (13.51) 
thatw = h((2-t)z) = 9. 

Finally, assume that T t (z + u) = 9 for some t E [2, 3] and z + u G B x (9, e), where 
e G (0, p) is such that \\u\\x < P for any z + u G Bx(9, e) (with 2 G if and w G X 1 * 1 ). 
Then P°A(z + h(z)) = 9 and 

Q(t, u) = (3 - *)(/ - P°)A(u) + (t - 2)(J - P°)B(9)u = 9. 

The former implies z = 9 as above, and (15.21) leads to u — 9. Claim 5.1 is proved. 

By Lemma Hjji), h'{9) = 9. Using this it is easily proved that dT t {9) = A' (9) for 
any t G [0, 3]. Since the C 1 Fredholm map is locally proper, we can shrink e > such 
that the restriction of each T t to Bx(9, e) is Fredholm and that the restriction of T to 
[0,3] x B x {9,e) is proper. Hence T : [0,3] x B x (9,e) — >■ X satisfies the homotopy 
definition in the Benevieri-Furi degree theory j51[6l, and we arrive at 

deg BF (A B x (9, e),9) = deg BF (r , B x (9, e),9) = deg BF (r 3 , B x (9, e),9). (5.3) 

Recall that DT 3 (9) = A\9) = B(9)\ x and 

T 3 (z + U ) = (I- P°)A'(0)u + P°A(z + h{z)) = 1- [P°B(9)u - P°A{z + h{z))\. 

Moreover dim H° < 00 implies that the map 

B x {9, e)->X, z + u^ K(z + u) := P°B(9)u - P°A(z + h(z)) 

is compact. Hence the Leray-Schauder degree deg LS (J — K, B x (9, e), 9) exists, and 

deg^^-l^i^e)^) = deg BF (I-K,B x (9,e),9) 

= deg hS (I-K,B x (9,e),9) (5.4) 

for a suitable orientation of the map / — K. By Remark |X2l and Lemma |3TT1 £ is C 2 and 

dC°(z )(z) = (A(z + h(z )),z) H \/z G B H o(9,r ), z G H°. 

Hence the gradient of C° with respect to the induced inner on H° (from H), denoted by 
V£°, is given by VC°(z) = P°A(z + h(z)) Vz G B H o(9,r ). By the definition and 
properties of the Leray-Schauder degree it is easily proved that 

deg LS (I-K,B x (9,e),9) = (-l) dim ^ deg LS (V£ , B H o(9, e), 9) (5.5) 
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Moreover, B x (9, e) is open, connected and simply connected. After a suitable orientation 
is chosen it follows from (I5.3I) - (I5.5I) that 

deg FPR (A,B x (6,e),e) = deg BF (A,B x (6,e),6) 

= (-l) dim "- deg LS (V£°, B x (9, e) n H°, 9) 

oo 

= (-l) dto ^^(-l) 9 rank<7 g (£°,0;K), 

q=0 

where the final equality comes from 11371 Th.8.5]. Combing this with Corollary 12.61 the 
expected first conclusion is obtained. 

Step 2. Recall that a map T from a reflexive real Banach space to its dual X* is said 
to be demicontinuous if T maps strongly convergent sequences in X to weakly conver- 
gent sequences in X*. Now since the Hilbert space H is self-adjoint and DC(x)(u) = 
(VC(x),u)h, by the continuously directional differentiability of C, if {x n } C V con- 
verges to x E V in H then {V£(x„)} weakly converges to V£(x), i.e., (VC(x n ),u) H — > 
(V£(x),u)h for every u £ H. This shows that the map V£ : V — > H = if* is demicon- 
tinuous in the sense of Th.4]. 

Next we show that the restriction of V£ to a small neighborhood of 9 E H is of class 
(S)+ in the sense of [9, Def.2(b)]. By (D3), for the constants r/ and C' Q in (D4*) and 
p > in (i)-(iii) above we can choose p G (0, p) such that 2p < ?7o and the following 
(iv)-(v) are satisfied: 

(iv) B HO (9,2p )cB x (9,p)sDd 

\\Q(x)-Q(9)\\<^ \/xeB H (9,2 Po )nX; (5.6) 

(v) 9 is a unique zero of V£ in B H (9, 2p ) C V. 
Then and (D4*) yield 

(B(x)u,u) g = (P(x)u,u) H +([Q(x)-Q(9)]u,u) H +(Q(9)u,u) H 

> ^\Wf+{Q{0)u,u) H (5.7) 

for all x E Bh(9, 2p ) H X and u E H. Take pi G (0, po) so small that 

z + M*) EB H {9,p ) Vz E B h o{9, 2 Pl ). 

(This assures that the functional C° in Corollary 12 .61 is defined on B H o(9, 2p 1 )). Then for 
x, x' E B H (9, 2pi) fl X, by (F2)-(F3) and the mean value theorem we have r E (0, 1) 
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such that 

(VjC(x), x — x')h 
= (V£(z) - V£(x'), x - x') H - (VC(x'),x - x') H 
= (A(x) - A(x'),x -x') H - (VC{x'),x - x') H 
= (DA(\tx + (1 - t)x'})(x - x'), x - x') H - (V£{x'),x - x') H 
= [B([tx + (1 — t)x'])(x — x'), x — x') H — (V£(x'), x — x')h 

> ~ X 'W 2 ~ ( V£ ( X V " %')h + (Q(0)(x -x'),x- x') Hl 

where the final inequality is because of (|5.7I) . Since C is continuously directional differ- 
entiable and B H (9, 2pi) fl X is dense in B H (6, 2p x ) we obtain 

(yC(x),x-x') H > ^Wx-x'W 2 -(VC(x'),x-x') H 

+ (Q(6)(x-x'),x-x') H (5.8) 

for any x, x' e B H (0, 2pi). 

Let {x n } C B H (9, 2p{) weakly converge to x E B H (9, 2p x ) and 

lim (VC(x n ),x n — x)h < 0. 

n— >oo 

Then (V£(x), x n — x)h 0, and (Q(9)(x n — x), x n — x)h — > by the compactness of 
<2(0). It follows from these and (I5T8T) that 

C C" 

— - lim ||x n — x|| < — - lim ||x n — x|| 2 < lim (V£(x n ), x n — x)h < 0, 

This is, lim^oo \\x n — x\\ = 0. Hence the map V£ : B H (9, 2p x ) — > H is of class (5') + . 

Then three equalities in the formula of Theorem |2.12r ii) follow from Ifl4l Th.1.2], 
Corollary 12.61 and [|37l Th.8.5], respectively. □ 



6 The functor properties of the splitting lemma 

The splitting lemma for C 2 functionals on Hilbert spaces has some natural functor prop- 
erties. This section studies some corresponding properties in our setting. 

Consider a tuple (H, X, C, A, B = P + Q), where H (resp. X) is a Hilbert (resp. 
Banach) space satisfying the condition (S) as in Section [2l the functional C : H — y M 
and maps A : X — y X and B : X — y L S (H) satisfy, at least near the origin 9 6 
H, the conditions (F1)-(F3), (C1)-(C2) and (D) in Section [2l (We can assume that these 
conditions are satisfied on H without loss of generality.) 
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Let (H, X, £, A, B = P + Q) be another such a tuple. Suppose that J : H — > is a 
linear injection satisfying: 

(Ju, Jv) £ = (u,v)h Vu,v E H, (6.1) 

J(I)CI and J| x gL(X,X). (6.2) 

Furthermore, we assume 

CoJ = C, (6.3) 

which implies 

A(J(x)) = J o Vx G X, (6.4) 

S( J(x)) o J = J o B(x) Vrr G X. (6.5) 

Let H = H° ® H + ® H-, X = H° ® X + ® X- and H = H° ® H+ ® H~ and 
X = if © X + © X~ be the corresponding decompositions. Namely, H° = Kei(B(9)), 
and H + (resp. i/~) is the positive (resp. negative) definite subspace of B(6). Denote by P* 
(resp. P*) the orthogonal projections from H (resp. H) to if* (resp. H*) for * = +,—, 0. 
Since B{0) o J = J o B(9) by (I63T) . we have 

JH*cH\ P*o J= JoP\ * = -,0,+. (6.6) 

Claim 6.1. (SCfl)!^)- 1 ° (^U±) = ° OB^U*)" 1 . 

In fact, for v G X ± let y = (£(0)| ^i)" 1 o ( J\ x ±)v. Then y G X± because J(X±) c 
X ± by (|6T2l) and (I6T61) . and = Note that we may write u = j B(6')| x ±m for a 

unique w G X ± . It follows that J| x ± ° B(6)\ x ±u = B(9)\ x± y and hence B(9)(Ju) = 
B(9)y by (16.51) . The latter implies Jw = y since both Jii and y sit in X 1 * 1 . From this and 
(1631) we deduce that Jv = B(9)y = B(9)(Ju) = J o B{9)u and hence v = B(9)u. Then 
(B(9)\ x± y l o (J\ x ±)v = y = Ju = Jo (B(6) \ x ±Y l v. Claim 6.1 is proved. 

Assume that the nullity of £ at 9 G H 

v(C, 9) := dim if > and hence u(C, 9) > (6.7) 

by (16.61) . Here z/(£, 0) := dim if is nullity of C at 9 G if. Corresponding to the map 5 
in (13.31 ) let us consider the map 

S : %o(0, rx) x (B x (9, n) n x±) x±, 

5(1, x) = - W)!^)" 1 ^ - + x) + x 

for zi,£ 2 e Bg (9,rt) and xi,x 2 G B^(6,n) n X ± . (Here X ± = X + © X~, and we 
may shrink ri > if necessary). Then for all z G B H o(9, r{) and x G B x (9, r\) flX ± we 
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derive from (16.41) and Claim 6.1 that 

S(Jz,Jx) = -(B(9)\ x± y l (I x -P°)A(Jz + Jx) + Jx 

= -(B(9)\ X± )- 1 (I X -P°)oJo A(z + x) + Jx 

= —(B(6)\ x ±y 1 oJo(I x - P°)A(z + x) + Jx 

= -J o (B(9)\ x ±)- 1 o (l x - P°)A(z + x) + Jx. 

That is, for all z G B H o(9, n) and x G B x (0, n) H X ± it holds that 

S(Jz, Jx) = JoS(z,x). (6.8) 

From the proof of Lemma 13 . 1 1 there exist r G (0, r±) and a unique map h : Bg (9, r±) — >■ 
% (0, n) n X± such that h{9) = 6 and 

S(z, h(z)) = h{z) (or equivaliently (I x - P°)A(z + h{z)) = 0). 

Moreover, /i satisfies the corresponding conclusions in Lemma l3Tl For z G B H o(9, r ) 
wehavealso (Jx — -P°)^4(^ + ^(-2 ; )) = 0, i.e., S(z, h(z)) = h(z). Hence by the uniqueness 
and (16.81) we arrive at 



h{Jz) = Joh{z) Vz G B H o(9,r ). (6.9) 
As in (T3.12I) . we have a map F : Bg (9,S) x Bg±(9,5) ->■ E given by 

u) = £(5 + + «) - £(£ + (6.10) 
Clearly, (|Q) . (I6i9l and (IQOl) lead to 

F(Jz, Ju) = F(z,u) V(z,u) G B H o(9,5) x B H ±(0,5). (6.11) 

By shrinking e > in Lemma [331 (if necessary) we may assume that the restriction of F 
to Bft (9,e) x ( k Bq + (9 ) s) © B^_(9,e)) satisfies the conditions in Theorem lA.U Then 
we have a homoeomorphism as in (13.291 ), 

$ : B So {6,e) x (B n+ (9,e) + B s .(9,e)) H, (6.12) 
(z, u + + u~) i — ^ z -\- h(z) + (pi{u + + u~), 

such that 5 (9) = 9 and 

£($(£, u + , u~)) = C(z + h(z)) + w+) g - (u~, u~) s 

for all (z,u + ,u~) G Bg (9,e) x B^ + (9,e) x Bg_{9,e). 
Claim 6.2. Under the assumptions above, if 

fi(C,9) = fi(C,9), (6.13) 



39 



then§(Jz, Ju + + Ju~) = J o §(z,u + + u~) for (z,u + ,u~) G B H o(9,e) x B H +(9,e) x 
e). //ere //(£, 0) := dim H~ and //(£, 9) := dim . 
In fact, suppose /i(C, 9) = //(£, 0) = 0. By 1°) in the proof ofTheorem lA.il 



y/C(z+h(z)+x)-C(z+h(z)) . if . , g 



if x = 

for all (z, f) G Bg (9,e) x Bg±(9,ei), and 



3 ifx = 9 

for all (z, x) G 5 H o(0, e) x B H ± (9, ei). It follows from (lO) and (l6\9l) that 

ip(Jz, Ju) = J o ^(z, u) and thus 4>j z (Ju) = J o <f) z (u) 

for (z, u) G B H o(9, e) x B H ±(9, e). The desired results follow from (13.291) and (16.121) . 
Next suppose /i(£, 9) = //(£, 9) > 0. Recall the constructions of <p z and By (IA.9I ), 

4>z(u + + u~) = x + + x~ 

for any (z,ii + ,u~) G Bg (9,e) x Bg + (9,e) x Bg_(9,e), where is a unique 

point in 5g + (0, 2e) x (6>, 5) satisfying ^(z, x + + x~) = u + + w~. By Step 4 in the 
proof of Theorem lA.il we know 

ijj(z, x + + x~) = ipi(z, X + + X~) + ^(^j ^ + + 

for all (z, x + , x~) G Bjjq(9, e) x Bg + (9, e{) x B^^(9, 5), where 



•01 (z, x + + i ) 



" ifx + = 9 



and 



tfj 2 (z,X + + X-) = < II*— w(4+)||fi ^ ^ ^ ltX ^^z{X ), 

[9 if x _ = ipz(x + ). 

Here for each (z,x + ) G B^ (9,e) x B^ + (9,ei), as showed in Step 1 of the proof of 
Theorem lA.il (p^{x + ) is a unique point in (9, 5) such that 

F(z,x + + (pz(x + )) = max{F(z,x + + x~) \x~ G Bg_(9,8)}. 
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For (z,x + ) G B H o(9,e) x B H +{9,e{) we have (Jz, Jx + ) G Bg (9,e) x Bq+(9,€ 1 ) by 
(1631) . and J(5 H - (0, 5)) = (9, 5) by (10). (1631) and (15131) . These and dSTTTb lead to 

F(J^, Ja; + + ^( Ja; + )) = max{F( Jz, Jx + + £~) | x~ G (0, 5)} 

= max{F( Jz, Jx + + x~) \ x~ G J(B H - (0, 5))} 
= max{F(z,x + + x~) \ x~ G B H -(9,5)} 
= F{z,x + + <p z {x + )) 
= F(Jz,Jx + + J^ z {x + )). 

By the uniqueness we arrive at 

(p Jz {Jx + ) = J^ z {x + ) V(z,x + ) G B H o(9, e) x B H+ (9,e 1 ), 

which implies 

4>(Jz, Jx + + Jx~) = J o il)(z, x + + x~) 

for all (z, x + ,x~) G B H o(9, e) x B H +(9, ex) x (6 1 , 5). From (16.61 ) and the definition 
of 5 (u + + u~) we deduce that 

4>Jz{Ju + + JW~) = J O 2 (« + + U~) 

for (2, m + , u ) G £#o(0, e) x B H +{9, e) x B H - (0, e). This, (11291) and (16121) lead to the 
conclusion of Claim 6.2. 

Summarizing the above arguments we have proved the following theorem under the 
assumptions (16.71 ) and (16.131) . 

Theorem 6.1. Let (H, X,£,A,B = P + Q) and (H, X,C,A,B = P + Q) be two tuples 
satisfying the conditions (S), (Fl) — (F3), (CI) — (C2) and (D) in Section^ Suppose 
that J : H — >■ H is a linear injection satisfying {\6.1 1) - do31) . 7f 0) = //(£, 0) 
for the continuous maps h : B H o(9, e) — > X 1 * 1 and : Bg (9, e) — )■ X 1 * 1 , and ?/ze origin- 
preserving homeomorphisms constructed in Theorem \2.1\ 

$ : Sflo(0,e) x (£W0,e) +fl H -(0,e)) -> W, 
$ : fl#,(0,e) x (B s+ (8,e) + B s _(6,e)) -+W, 

it holds that 

h(Jz) = Joh(z) and ®(Jz, Ju + + Ju~) = J o &(z,u + + u~) 

for all (z,u + ,u~) G B H o(9,e) x B H +(9,e) x B H -(9,e). Consequently, 

£ o S(Jz, Jw + + Ju~) = C o + u~), 

C(Jz + h(Jz)) = C(z + h(z)) 

for all (z,u + ,u~) G B H o(9,e) x B H +(9,e) x B H -(9,e). 



41 



Here we understand B H o(9,e) x B H +(9,e) x B H -(9,e) as B H o(9,e) x B H +(9,e) 
if dim//- = 0, and B H o(9, e) x B H+ (9,e) x B H -{9,e) as B H -(9,e) x B H+ (9,e) if 
dim if = 0. 

Let us prove the remainder cases. Firstly, consider the case z/(£, #) = z/(£, #) = 0. We 
only need to remove z and z in the arguments below Claim 6.2 and then replace J 7 and J 7 
by £ and £, respectively. 

Finally, the case = z/(£, 9) < u(£, 9) can also be obtained by combing the above 
three cases. Theorem l6.1l is proved. 

By (1631) and (l6\9l) . for any z G B H o (9, r ) it holds that 

£°(J^) = £(Jz + fe(Jz)) = £(z + h(z)) = £°(z). (6.14) 

Corollary 6.2. Le? (if, X,£,A,B = P + Q) and (H, X,£,A,B = P + Q) be two tuples 
satisfying the conditions (S), (Fl) — (F3), (CI) — (C2) and (D) in Section\2\ Suppose 
that J : H H is a linear injection satisfying rt(5.il) - rfo31) . Ifv(C, 9) = is(C, 9) > then 

C q (£°, 9; K) = C q (£°, 9; K) VgGNU{0}. 

Theorem 6.3. Under the assumptions of Theorem I2.il let (if, X) be another pair of 
Hilbert-Banach spaces satisfying (S), and let J : H ^ H be a Hilbert space isomorphism 
which can induce a Banach space isomorphism Jx '■ X — > X ( this means that J{X) C X 
and J\x '■ X — >■ X is a Banach space isomorphism). Set V = J(V) (and hence V x : = 
V n X = J(V X )) and £ : V ^ Rby £ = £o J~\ Then (H, X, V, £) satisfies the 
assumptions of Theorem 12. i I too. 

Proof. Define A : V x ->■ X by A = J x ° A o J x \ and B : V* -> £ s (ff ) by = 
J o B(J x l x) o J -1 . Similarly, we also define -P(x) = J o P(J x l x) o J -1 and Q(f ) = 
J o Q(J x l x) o J- 1 . It is not hard to check that (ff , X, V", £, A, 5 = P + Q) satisfies the 
assumptions of Theorem |2J] □ 

Theorem 6.4. Under the assumptions ofTheorem \2.1\ suppose that H G H is a Hilbert 
subspace whose orthogonal complementary in H is finite dimensional and is contained 
in X. Then (£\ H , H, X) with X :— X fl ff also satisfies the assumptions ofTheorem \2.1\ 
for the critical point 9 G if. 

Proof. Let P# be the orthogonal projection onto if. Then x — P H x e X Vx G X by the 
assumption if 1 - C X. It follows that A(x) := P H A(x) £ X for x £ V x := V x H X. 
Since if 1 - C X and dim if 1 - < oo, P H restricts to a bounded linear operator from X to 
X. This implies that A : V x — > X has the same differentiability as A. It is easily checked 
that D£\jf(x)(u) = (A(x),u) H Vm G X, and that 

(DA(x)(u),v) H = (P H DA(x)(u),v) H = (P 6 B(x)(u),v) B = (B(x)u,v) H 
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for any x G V x , u, v G X, where B(x) := Pf I B{x)\f I G C S (H). Obverse that 

\\B{xi) — B{x 2 )\\ Cs {H) = sup{||5(xi)w - B(x 2 )u\\h '■ u e \\u\\ = 1} 



for any Xi,x 2 G V . So some kind of continuality of B implies the same continuous 
property of B. Suppose that B(0)u = v for some u G H and v G X. Then Pf[B(0)u = v 
and therefore B(0)u = v + P 6 ±B(0)u G X because Ph±(H) = H 1 C X by the 
assumptions. It follows that u6l and hence u G X PI = X. That is, (C2) is satisfied. 
Since the eigenvectors of -B(O) are those of B(0) too the condition (Dl) holds naturally. 

For x G V n X take P(x) = Pfi ° P(%)\h and O(^) = Pit ° Q{ x )\if- R is also clear tnat 
-B(x) = P(a;) + satisfies the other conditions in (D). □ 

7 An estimation for behavior of C 

In this section we shall estimate behavior of C near 9. Such a result will be used in the 
proof of Theorem 5. 1 of 11341 . 

We shall replace the condition (D4) in Section 2 by the following stronger 

(D4**) There exist positive constants r)' and C' 2 > C[ such that 



Since h{6) = 9 we can choose p £ (0, p) so small that u in Lemma [3~3l and Q in (D3) 



< \\B( Xl )- B(x 2 )\\ Ca{H) 



C' 2 \\u\\ 2 > {P{x)u,u) > C^uf \/u G H, Vx G B fl (Mi)nI 




(7.1) 



satisfy 



(7.2) 




(7.3) 



+ h(z) + u) < 



k 



(7.4) 



■a' 
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for all z G B { pJ and u G Bf Po>Po) n X. As before we write B H ± (9, 5) n X as P H ± (0, <5) x 
when it is considered as open subset of X ± , and F x as the restriction of the functional F 
in (l3TT2l) to B H o(6,5) x B H ±(6,5) X . 

Proposition 7.1. Under the assumptions of Theorem \2.1\ with (D4) replaced by (D4**j, 
suppose that the map A : V x — > X in the condition (F2) is Frechet differentiable. (This 
implies that the functional B H ±(9, 5) x 3 u — > F x (z, u) is twice Frechet differentiable 
for each fixed z). Let s,r G (0, po] satisfy 

B i^ B L P0 ) f° r r=s \[^- (7 - 5) 

Then for positive constants 

e = a[s 2 and h = ^-s 2 (7.6) 

8 

the following conclusions hold. 

(i) (V 2 F(z,u),P + u) > h V(z,u) G Pff x B± s) with \\P+u\\ = s; 

(ii) (V 2 F(z, u),P-u) < -h V (z, u) G B<$ x £± s) with F{z, u) = -e; 

(iii) F(z,u) < -e V{z,u) G B$ x 5± s) with \\P-u\\ = r. 
In particular, taking z = Owe get 

• (V£(V), P + m) > ft VmG B+ with \\P + u\\ = s, 

• (V£(w), P~w) < -ft VmG P ( + s) wirt £(u) = -e; 

• £{ u ) < ~~ £ Vn G P~ wz'rt ||P~w|| = r. 

Proo/ For u G Bf pp) nX ± \ {0}, since ® H° C X, P + u =u- P~u G X ± . Hence 

(V 2 F(z,m),P + M ) 

= d u F(z,u){P + u) 

= dC(z + h(z) + u)(P + u) 

= d(C\ x )(z + h(z) + u)(P + u) 

= d(C\ x )(u)(z + h(z) + u)(P+u) - d(C\ x )(z + h(z))(P+u) 

= d 2 (C\ x )(z + h(z) +tu)(u,P + u) 

= (B(z + h(z)+tu)u,P + u) 

= (B(z + h(z) + tu)P + u, P + u) + (B(z + h(z) + tu)P~u, P + u) 
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for some t G (0, 1). Here the fourth equality is because 

d{C\ x ){z + h(z)){P + u) = (A(z + h(z)),P + u) H 

= ({I-P°)A{z + h{z)),P+u) H = 0, 

and the fifth equality comes from the mean value theorem. It follows from (i)-(ii) in 
Lemma [3~4l that 

(V 2 F(z,u),P + u) > ai\\P + u\\ 2 - u(z + h(z) + tu)\\p-u\\ ■ \\P + u\\. 

Since 2pq < p 2 + q 2 for any we deduce that 

u(z + h(z) +tu)\\P~u\\ ■ \\P + u\\ 
= 2oj(z + h(z) +tu)\\P-u\\ Jrj\\P + u\\ 

< —(oj{z + h(z) +tu)\\P~u\\) 2 + r 1 \\P + u\\ 2 

for any 77 > 0. Taking 77 = 3ai/4, we arrive at 

(V 2 F(z,u),P+u)> ^\\P+ u \\ 2 -^-{uj{z + h{z)+tu)\\p-u\\) 2 (7.7) 

for all u G Bf p>p) nX ± \ {0}, where t = t{u) G (0, 1). 

Similarly, for any u G ^ D X ± \ {0} and some t' = t'(u) G (0, 1), we have 

(V 2 F{z,u),P-u) 

= d u F(z,u)(p-u) 

= dC(z + h(z) +u)(P~u) 

= d(£\ x )(z + h(z)+u)(P~u) 

= d{C\ x ){z + h(z) + u){P-u) - d{C\ x ){z + h(z))(P~u) 

= d 2 (C\x)(z + h(z) +t'u){u,P~u) 

= {B(z + h(z)+t'u)u,P~u) 

= {B(z + h(z) + t'u)P~u, P~u) + (B(z + h{z) + t'u)P + u, P~u). 



Since for any rj > 0, 



u(z + h(z) +t'u) \\P + u\\ ■ \\P~u\\ 
= 2u(z + h(z) +t'u)\\P + u\\—y/tj\\P-u\\ 

< ±(u(z + h(z) + t'u) \\P + u\\f + ti\\P-u\\ 2 , 



45 



taking r] = 3ax/4, as above we derive from (ii)-(iii) of Lemma l3.4l that 

(y 2 F(z,u),P-u) 

< -ai||P~w|| 2 + u(z + h(z) +t'u)\\P + u\\ ■ \\P~u\\ 

< -^\\P- U \\ 2 + -L(co(z + h(z)+t'u)\\P + u\\) 2 - (7-8) 

4 Sdi 

Since the functional B H ±(9, S) x 3 u — )■ F x (z, u) is twice Frechet differentiable for 
each fixed z, by the Taylor formula, for u E B>t Q .C\X\{0}, 

F(z,u) = F(z,9) + ±d 2 u F x (z,t"u)(u,u) 

= ^d 2 (C\ x )(z + h(z)+t"u)(u,u) 

= ~(B(z + h(z)+t"u)u,u) 

= ^{B{z + h{z) +t"u)p-u,p-u) 
+ (B(z + h(z) + t"u)P~u, P + u) 
+^(B{z + h(z) + t"u)P + u, P + u) (7.9) 
for some t" = t"(u) E (0, 1). As in the proof of (17.81) we have 

-{B{z + h(z) + t"u)P- U , P~u) + (B(z + h(z) + t"u)P~u, P + u) 

< -—\\p-uf + u(z + h{z) +t"u)\\P + u\\ ■ \\P~u\\ 

< -^L\\p-u\\ 2 + -(Lu(z + h(z)+t"u)\\P + u\\) 2 

4 a\ 

< -^\\P-u\\ 2 + ^\\P + u\\ 2 (7.10) 

by (1731) . In addition, Since C[ < C 2 , by the condition (D4**) and (|7T2l> - (|73T> . 

(B(z + h(z) + t"u)P + u, P + u) 
= (P(z + h(z) + t"u)P + u, P + u) + (Q(z + h(z) + t"u)P+u, P + u) 
< ^||P + u|| 2 + (^ + ||Q(^||)||P + M || 2 . 

From this and dT9l)- d740l) it follows that for any (z, u) E B$ x (-Bj 0j(0o) n X), 

F{z<u) < _^||p- u ||. + M±J!5W«±l)||^i' an) 

As in the proof of (17.71) we have 

~{B(z + h{z) + t"u)P + u, P + u) + (5(2 + + t"u)p-u, P + u) 
> ^\\P + u\\ 2 - uj(z + h(z) +t"u)\\p-u\\ ■ \\P + u\\ 
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for any < rj < a\ because 



u(z + h{z) +t"u)\\P~u\\ ■ \\P + u\\ < |||P + u|| 2 + ±-(u(z + h(z) + 1" u)\\p- u\\f . 
Note that the condition (D4**) and (TOT) imply 

(B(z + h(z) + t"u)P~u, P~u) 
= (P(z + h{z) + t"u)P~u, P~u) + {Q{z + h(z) + t"u)P~u, P~u) 
> C' 1 \\p-u\\ 2 + (Q(z + h(z)+fu)P-u,P~u) 



1 



> C[\\P-u\ 
2 



lig(e)||)||p-«| 



|P-n|| 2 . 



From this, (17.91) and (17.121 ) we derive 

F(z, M )>^l^||P+ M || 2 

for all (z,u)eB$ x(Bf pQipo) nX). 
Let us take r\ such that 



gi g \\Qm 

_4r] 4 2 



|P~w| 



fl i _^ , r'^ 1 
4^"T + C2+ 2 



«i Ci ||Q(g)H 

477 4 2 



+ 



Then < 77 < a x /%, and by (1711) 

, _ (2g^ + ||g(g)|| + i) i 

&1 " 2 + 3^ 

It follows from (I7TTT1) and (I7TT3T) that 

j||P + w|| 2 - a'xIlP^H 2 < F(z,u) < -^||P- M || 2 + a 1 \\P + u\ 
for any (z, u) G B^J x (P^ x n X). This implies 

?±\\P+u\\ 2 - a[\\p-u\\ 2 < F(z,u) < -^\\P-u\\ 2 + a' l \\P + u\\ 2 



3ai 



(7.13) 



(7.14) 



for all (z, u) G p£ } x Pf po po) because Pff x (fl*^, n X) is dense in x Pf po po) . 

Moreover, since a' a > by (17771) and (17781) . for any (z, u) G Pp? x (P± q ^ n X) 
with u^O there exist t = t(u) G (0, 1) and t' = t'{u) G (0, 1) such that 

(V 2 F(z,u),P + u) > ^-\\P + u\\ 2 - a'^coiz + h(z) +tu)) 2 \\p-u\\ 2 , (7.15) 



(W 2 F(z,u),P~u) < -^-\\P-u\\ 2 + a[(uj{z + h{z) +t'u)) 2 \\P + u\ 



(7.16) 
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Now we may prove that the positive constants r, s, e and h in (|7.5I) - (|7.6I) satisfy (i)-(iii). 
Firstly, for any (z, u) G Pj? x P± s) with ||P- U || = r it follows from (17141) that 



F(z, u) < -^\\P- U \\ 2 + a[\\P + u\\ 2 < -^r 2 + a'.s 2 = -a' lS 2 = -e 



a l 2 i / 2 



Next, by (17.151) and (17741) we have 

(V 2 F(z,u),P+u)>^\\P+u\\ 2 - -^llP-ull 2 
4 o4a x 

for any (*, it) G fl|f x (Bf popo) nX). The density of p£ } x (fl*^ nX) in p£ } x P± o>po) 
implies that this inequality also holds for any (z, u) G Ppo x y So 



fl l II n4. 1 1 2 a i llp- u ||2 



(V 2 P(z,«),P + u) > ^||P + uf- 



ai 2 a l 2 °1 2 fc 

> — s — -r = — s = n 



4 " 64a; 
for any (z,u) G B$ x B± s) with ||P + u|| = s. 

(r,s) 



Finally, for any (z, u) G (Pj? x Bf s) ) n {P(z, tt) < -e}, by (177141) we get 



ai 



\P + u\ 



a'^P-uW 2 < -e. 



(7.17) 



This implies a[ \\P u\\ 2 > e, and thus u ^ 0. If this it also belongs to X, then it follows 
from this, (17.161) and (17741) that 



(V 2 F(z,u),P-u) < -^WP-uW 2 + a[(uj(z + h(z) + t'u)) 2 \\P + u\\ 2 



a l II n-..H2 , a l l|p+ n ||2 



4 11 11 64a; 
4 64a; ai 

^ fl l II D ||2 i fl l || D - 112 

< LP tt H LP u\\ 



by 0Z3P 



ai 
T 
3ai 



aillP^H 2 -e bv ( 17717]) 

ai£ 



16' 

- . ||2 a l £ 



16a; 



P~u 



< 



16 "" 16a; 

3ai e ke a\£ 



16 a[ 16a; 4a'/ 



Since ((P^ x (Bf rs) )f]X) n u) < -e} is dense in (P^ x (P± s) )) n u) < 
—e} we deduce that 



(V 2 F(z,u),P-u) < 



< -h 



for all G (P<? x (P± )) n {F(*,u) < -e} 



□ 
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8 Concluding remarks 

In this section we shall show that some conclusions of Theorem 12 . 1 l ean still be obtained if 
the strictly Frechet differentiability at 9 of the map A : V x — > X is replaced by a weaker 
condition similar to (Eqo) or (E^) in Theorems 4.1 and 4.3 of [|33l . That is, the condition 
(F2) can be replaced by the following weaker (F2') or (F2"). 

(F2') There exists a continuously directional differentiable (and thus C 1_0 ) map A : 
V x X such that D£(x)(u) = {A(x),u) H for all x G V x and u G X (which 
actually implies that £| y x G C 1 ^* , R)), and that 

|| (/ - P°)A{ Zl + x x ) - B{9)x x -{I- P°)A(z 2 + x 2 ) + B{9)x 2 \\ x ± 
1 M 

< — zi + si-z 2 -a;2 i (8.1) 

for some positive numbers k > 1, r± > and all ^ G B H o(9, ri), Xj G B x (9, ri) R 
X±, t = 1,2. Here C a is given by (I3T21) . 

(F2") The inequality (O) in (F2') is replaced by 

||(/ - P°)A(z + Xl ) - B(9) Xl - (7 - P°)A(z + x 2 ) + B(9)x 2 \\ x ± 

< — —\\ x i ~ x i\\x (8-2) 

for some positive numbers k > 1, r x > and all z G B H o(9, ri), x^ G B x (9, r x ) fl 
X ± , z = 1, 2. Here d is given by (CO) . 

Clearly, (|8.1I) and (18.21) are, respectively, implied in the following inequalities 

\\A(zi + xi) - B(9)xi - A{z 2 + x 2 ) + B(9)x 2 \\ x 

< „ „ + x x - z 2 - IU (8.3) 
/tCiC 2 

for all G B H o(6, n), x { G 73x(0, ri) n X ± , i = 1, 2, and 

+ xi) - B(0)xi - A(z + x 2 ) + B(0)x 2 ||x 
1 

< -pTTT ki ~ ^2 x (8.4) 

kCiC 2 

for all 2 G £#(.(0, r x ), x, G B x (9, r x ) n X ± , z = 1, 2. Here Ci and C 2 are given by dO >. 
We first consider the case (F2") holding. Checking the proof of (13.41) we have 

\\S(z,xi) - S(z,x 2 )\\ x ± 

< Ci • ||(7 - P°)A(z + xi) - B(0)xi - (7 - P°)A(z + x 2 ) + B(9)x 2 \\ x ± 
1 „ 

< - Xi - X 2 X 



49 



for all z G B H o(8,ri) and xi G B x ±(9,r 1 ), i — 1,2. Since A(x) — >• 6 1 as x — )■ 6* we 
can choose r G (0,ri) such that \\S(z, 0)|| < ri(l — 1/k) for any z G B H o(9, r ). By 
Theorem 10.1.1 in [H~8l Chap. 10] we have a unique map /i : B H o(9,r ) — )■ B x ±(9,r ) 
with /i(6>) = 0, which is also continuous, such that /i(-z)) = h(z) or equivalently 
(7 - P°) A(s + = 9 \/z G B H o(6,r ) as in (1331). 

Next we consider the case (F2') holding. By the proof of (13.41) we easily see 

\\S(zi,xi) - SC^a^Ux* 

< Ci • ||(7 - P°)A(zx + xi) - B{9)x 1 -{I- P°)A(z 2 + x 2 ) + B(9)x 2 \\ x ± 
< -\\z 1 + xt - z 2 - x 2 \\x (8.5) 

and thus \\S(z, x{) — S(z, x 2 )\\ x ± < — — x 2 \\ x if ^i = z 2 = z. Since A(x) — > 9 as 
x — >■ 6* we can choose r G (0, ri) such that 

\\S(z,x)\\ x± = \\S(z,x)-S(z,9)\\ x± + \\S(z,9)\\ 

1,,,, « - 1 

< - x x H r 

K K 

for any z G B H o(9, r ). Hence for each z G B H o(9, r ) we may apply the Banach fixed 
point theorem to the map 

B x ±(9,r ) 9 x ^ S(z,x) G B x ±(9,r ) 

to get a unique map h : B H o(9, r ) — )■ B x ±(9, r ) such that 5(2, /i(2;)) = /i(z). From the 
latter and (18.51) it easily follows that 

HM^i) - h(z 2 )\\ x± < -^—\\ Zl - z 2 \\ x (8.6) 

K — 1 

for any Zi G B x ± (9, r ), i = 1,2. That is, h is Lipschitz continuous. Using this we may 
prove as in Step 2 of Lemma 13. II that £° has a linear bounded Gateaux derivative at each 

z G B H o(9,r ) and 

D£°(z )z = (A(z + fr(zo)), z) H = (P°A(z + h(z )), z) H \/z G H°. 

Moreover, checking the proof of (|3.10l) we have still (13.101) . i.e., 

\DC°(z )z-DC°(z' )z\ < \\A(z + h(z ))-B(9)(z + h(z )) 

-A(z' + h(z' )) + B(9)(z> + h(z> ))\\ x .\\z\\ x 

for all zq G B H o(9,r ) and z G H°. Note that A is continuously directional differen- 
tiable and hence C 1_0 . It follows from (18^61) that the map £#o (9, r ) 9 z ^ DC°(z ) G 
L(J7°,R) is C 1 " . As before we derive from flU Th.2.1.13] that £° is Frechet differen- 
tiable at z and its Frechet differential dC°(z ) = DC°(z ) is C 1_0 in z G B H o(9, r ). 
Summarizing the above arguments we obtain 
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Theorem 8.1. Under the above assumptions (S), (F1),(F2"), (F3) and (C1)-(C2), (D), 
if v > ?/zere exxst a positive e G M, a (unique) continuous map h : B H o(9,e) = 
Bn(0,e) fl if satisfying h{9) = 9 and ( 12.31) . an open neighborhood W of 9 

in H and an origin-preserving homeomorphism 

$ : Btfo(0,e) x (fltf+^e) + Btf-(0,e)) W 

of form $(z, m + + = z + /t(z) + 4> z {u + + u~) with 4> z {u + + «~) 6 such that f |2.5|) 
an J ( |2.(5D are satisfied. Moreover, the homeomorphism $ /las a/50 properties (a) and 
(b) in Theorem \2.1\ Furthermore, if (F2") is replaced by the slightly strong (F2') then the 
map h is Lipschitz continuous and the function B H o(9, e)3z4 £°( z ) '■= C(z + h(z)) 
is C 2 ~° and 

dC°(z )(z) = (A(z + h(z )),z) H V^ G B H0 (9,e), z G H°. 

Consequently, 9 is an isolated critical point of C° provided that 9 is an isolated critical 
point of C\yx. 

Carefully checking the arguments in Section [2] and the proofs in Section|4]it is not hard 
to derive: 

Corollary 8.2. If the above assumptions (S), (F1),(F2"), (F3) and (C1)-(C2), (D) are 
satisfied then Corollary 12.51 also holds. Moreover, Corollaries \2.6\ \2.7\ \2.8\ and \2.9\ are 
true under the assumptions (S), (F1),(F2'), (F3) and (C1)-(C2), (D). 

By Claim 6.1, C l := IK^)^)- 1 !!^ > d := \\(B(9)\ X± )- 1 \\ L{X±) if px^ = 
\\x\\x Va; G X. In order to assure that Theorem 16. II also holds when Theorem 12. II with 
(F2) is replaced Theorem 18. II with (F2") we should require not only that J\x : X — > X is 
a Banach isometry but also that C\ in (18.21) for (A, B) is replaced by C\. For Theorem |6.3l 
being true after Theorem l2.1l is replaced by Theorem l8.1l it is suffice to assume that J\x ■ 
X X is a Banach isometry. Theorem 16.41 also holds if we replace "Theorem 12.11 ' by 
"TheoremO' there. 

Finally, we have also a corresponding result with Proposition 17.11 provided that the 
sentence "Under the assumptions of Theorem 12. II with (D4) replaced by (D4**), we fur- 
thermore suppose that the map A : V fl X — > X in the condition (F2) is Frechet differ- 
entiable." in Proposition [7J] is replaced by "Under the assumptions of Theorem [8J] with 
(D4) replaced by (D4**), we furthermore suppose that the map A : V fl X — > X in the 
condition (F2") is Frechet differentiable." 
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A Parameterized version of Morse-Palais 
lemma due to Duc-Hung-Khai 

Almost repeating the proof of Theorem 1.1 in [fT9l one easily gets the following parame- 
terized version of it. Actually we give more conclusions, which are key for proofs of some 
results in this paper. 

Theorem A.l. Let (H, || ■ || ) be a normed vector space and let Abe a compact topological 
space. Let J : A x Bh{9,25) — > R be continuous, and for every A G A the function 
J(A, ■) : Bh(9,25) — > R is continuously directional dijferentiable. Assume that there 
exist a closed vector subspace H + and a finite -dimensional vector subspace H~ of H 
such that H + © H~ is a direct sum decomposition ofH and 

(i) J(A, 9) = and D 2 J(X, 9) = 0, 

(ii) [D 2 J(X,x + y 2 ) - D 2 J(X,x + yi )](y 2 - y x ) < Ofor any (A,x) 6 A x B H +(9, 5), 

V2 e B H - (9, 5) and y x ^ y 2 , 

(iii) D 2 J(X,x + y){x — y) > for any (X,x,y) G A x B H +(9,5) x B H -(9,5) and 
(x,y)^(9,9), 

(iv) D 2 J(X,x)x > p(\\x\\) for any (X,x) G A x B H+ (9,5) \ {9}, where p : (0,5] -)■ 
(0, oo) is a non-decreasing function. 

Then there exist a positive e G R, an open neighborhood U of A x {9} in A x H and a 
homeomorphism 

: A x (B H+ (9, VpW*) + B H -(9, VpW*)) U 

such that 

J(X,<f)(X,x + y)) = \\x\\ 2 - \\y\\ 2 and <p(X, x + y) = (A, <j) X (x + y)) G A x H 

for all (X,x,y) G A x B H +(9, y/p(e)/2) x B H -(9, yJp(e)/2). Moreover, for each A G A 
0a(O) = 0, 0a(^ + y) G if - if and only if x = 0, and (f> is a homoeomorphism from 
A x B H ~(9, y/p(e)/2) onto U D (A X according to the topologies on both induced 
by any norms on H . 

The claim in "Moreover" part was not stated in |fT9l , and can be seen from the proof 
therein. It precisely means: for any two norms ||- ||i and ||- 1| 2 on H~, if Ax B H - (9, y/p(e)/2) 
(resp. U n (A x H~)) is equipped with the topology induced by A x (H~ , \\ ■ \\{) (resp. 
A x (H~, || ■ || 2 )) then is also a homoeomorphism from A x B H -{9, v/p(e)/2) onto 
[/ PI (A x -f/^). This leads to the proof of Theorem 12.1T b). which is a key for the proofs 
of Corollary 12.51 and Theorem 12.101 So it is helpful for readers to outline the proof of 
Theorem lA.il 
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Sketches of proof of Theorem IA. 1\ 1°) Case H = {9}. This is actually contained in the 
proof of [19]. Since H + = H the condition (ii) is trivial and (iii) is implied in (iv). Define 



if>(X,x) 



ifx eB H (6, 5) \ {6}, 

e if x = e. 



Then it is continuous and J(A, x) = ||^(A,x)|| 2 . It easily follows from the condition 
(iv) that for each A G A the map ip(X, ■) is one-to-one on B H (0, 5). Moreover, for any 
x G dB H (6, 5), as in HE (2.9)] we have s x G (1/2, 1) such that 

J(A, x) > J(X, x) - J(X, x/2) = D 2 J(X, s x x)(x/2) 

= ±-D 2 J(X,s x x)(s x x) > ~p(\\s x x\\) > ~p(\\x/2\\) = l -p{8/2) 

by the condition (iv). Hence ||^(A,x)|| > y/p(5 /2)/2. For any < \\y\\ < y/p(5 /2)/2, 
without loss of generality we assume 5 > ^p{5/2)/2. Then we have a unique positive 
number r > 1 such that x := ry e dB H (9, 5). Since the function 



[0, 1] -> R, t !-)> y/J(X,tx) 
is continuous there exists a t G (0, 1) such that \\y\\ = a/ J(X, t x) and hence 



if>(X,t x) = y/j(X,t x)-r- — 77 = \\y\\-r7-77 = y. 

Po^ll ||y|| 

This shows that y/p{5/2)/2) C ^({A} x 5 H (^,5)).Let 

[/ = j(A, z) G A x Bh{0,8) ^(X,z)eB H (6 
It is an open neighborhood of A x {#}inA x H. Define 



: A x B H {6, y/p(5/2)/2) -+ U, (X,x) ^ (X,y), 

where y G B H (9, 5) is the unique point such that ip(X, y) = x. As in the proof of Lemma 
2.7 of [fT9l it is easily showed that (f> is continuous and satisfies 

J(X,(f>(X,x)) = \\x\\ 2 V(A,x) G A x B H (9, y/p(6 /2)/2). 

2°) Case < dim H ~ < oo. Since the parameter A appears many notations in |fT9l have 
corresponding changes. 

Step l([[T9l Lemma 2.1]). There exists a positive real number e\ < 5 having the following 
property: For each (A, x) G A x B H + (6, ei) there exists a unique f\{x) G B H - (6, 5) such 
that 

J(X, x + <f\{x)) = max{ J(A, x + y) \ y G B H - (9, 5)}. 
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See the proof of Claim |A31 in the proof of Theorem lA.21 {Note: The compactness of A is 
necessary in proving this claim.) 

Remarks that J(A, x + <p\{x)) > for any x G B H +(9, 5) \ {9} by Theorem lAjJiv) 
and the mean value theorem. Moreover, the uniqueness of <p\(x) implies 

J(X,x + (f\(x)) > J(X,x + y) 

for all x G B H +(9,€i) andy G B H -(6,6) \ {ip x (x)}. 

By replacing 5 by 5/2 in the arguments above we can assume (f\(x) G B H -(9,5/2) 
for any x G B H + (9, ei) below. 

Step 2(011 Lemma 2.2]). The map A x B H +(9, ei) : (A, x) h-> (p\(x) is continuously 

In fact, suppose that the sequence {(A„,x n )} C A(/i) x B H +(0,e 1 ) converges to 
(A , x ) G A(fi)xB H +(0, ex). Since B H -(0, 5/2) is compact, we can assume that {(p\ n (x n )} 
converges to y G B H - (0, 5/2). Then 

J(A n ,x n + v?A„On)) > J(A n ,x n + y) My G B H -(0,5) and n G N. 

This implies that J(A , £o+2/o) > ^(Ao, ^o+Z/) f° r any y G (0, 5). By the uniqueness 

of (f\ (x ) we get ?/o = V^AoOo)- 

Step 3(HH Lemma 2.3]). Put j (A, x) = J(X,x + (p x (x)) for any (X,x) G A x B H + (9, e x ). 
Then j is continuous and for each A G A the map x !->■ j(A, x) is continuously directional 
differentiable. 

Step 4(03 Lemma 2.4]). Define 



ipi(X,x + y) 



\\x\\ ' ' 

9 ifx = 9, 



{J ' J(\,x+ip x (x))-J(\,x+y) , I \\ -c _L I \ 

9 if y = ip x (x), 

if)(X, x + y) = ^ 1 (X,x + y) + ip 2 (X, x + y) 

\/(x,y)eB H+ (9,e l )xB H -(9,5). 

Then ipx, Tp 2 and ip are continuous on A x (B H +(9, e x ) + B H - (9, 5)) and 

j{x,x + y) = + y)\\ 2 - * + v)f (A.i) 

for any (A, x, y) G A x B H +(9, e{) x B H -(9, 5). Moreover, ip(\, x + y) G Im(^) n H~ 
if and only if x = 9. 

Step 5(033 Lemma 2.5]). For each A G A the map 

V(V) : 5^(0,6!) + B H -(9,5) -+ H± 



The local compactness of A is sufficient for its proof. 
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is injective. 

Step 6(|[T9l Lemma 2.6]). There is a positive real number e < e x such that 

B H+ (9, \/p{e)j2) + B H - (9, VpR)^) C ^(A, £ H+ (0, 2e) + B H -(9, 5)) 
for any A G A. 

We here give a detailed proof of it because the compactness of A is very key in the 
following proof. They are helpful for understanding the proof of the noncompact case in 
Section 4 of El. 

For each (A, y) G A X B H - (0, 8) with y ^ 0, the mean value theorem yields t G (0, 1) 
such that 

J(X,y) = J(X,y) - J(A,0) = D 2 J(X,i-y)y = ^D 2 J(X,t ■ y)(-t ■ y) < 

because of the condition (iii) in Theorem IA.ll So the compactness of A x dB H -(0,8) 
implies that there exists a positive real number C such that 

J(X, y) < -C V(A, y) G A x dB H - (0, 5). (A.2) 

We shall prove that there exists a positive real number e < ex/4 such that 

J(X,x + y)<0 V(A, x,y) G A x B H + (0, 2e) x dB H - (0,6). (A3) 

Assume by contradiction that there exists a sequence 

{(X n ,x n ,y n )} C A x B#+(0,ei) x dB H -(0,5) 

such that (A n , x n ,y n ) (X ,9,y ) G AxB H +(0,ei) xdB H -(0,5) and J(A„,x n + y„) > 
Vn. Then the continuity of J implies J(X ,y ) > 0. This contradicts to (IA.2I) . Hence 
(IA31) holds. 

Since <^a(0) = VA G A, by Step 2 we may shrink e in (IA.3I ) such that 

^ A (S H+ (0,2e)) Cfi r (0,5/2) VA G A. (A.4) 

Fixing ( A, x) G Ax (0, 2e) \ {0} we can use the mean value theorem and the condition 
(iv) in Theorem lA.il to get s x G (1/2, 1) such that 

J(X,x + tp\(x)) > J(X,x) > J(X,x) - J(\,x/2) 
= D 2 J(X, s x x)(x/2) 

= —D 2 J{X,s x x)(s x x) 
zs x 

> &{\M\)>h>{\\x/2\\) (A.5) 
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This and (IA.3I) imply that for any {X,x,y) G A x dB H +(0, 2e) x &B H - (0, 5), 

J(A,x + <p\(x)) - J(X,x + y) > J(X,x + <p\(x)) 

> 1 - P (\\x/2\\) = ^. (A.6) 

Now for x G dB H + (0, 2e) and < t < A /p(e)/2, by (TA3T) we have 

v/j(A,x + ^ A (x)) > > * > 0. 

Since the map [0, 1] -> l,s i-> J (A, sx + ip\(sx)), is continuous we may obtain as G 
[0, 1) such that a/J(A, sx + p\(sx)) = t. Clearly, s > if and only t > 0. If t > 0, by 
the definition of X we get 

■01 (A, sx + y) = -. — 77X = .._ n sx G B H - (0, 5). 
When t = 0, 0i(A, 0) = 0. So for any x G dB H +(0, 2e) we have always 



-x 



< t < y/p(e)/2^ C ^(A, B h+ (0, 2e)) ; 



that is, 

(0, v / p(e)/2) C 0! (A, £ H+ (0, 2e)) VA G A. (A.7) 

For a given {x*,y*) G B H +(0, ■ s /p(e)/2) x B H -(0, y/p(e)/2), we may assume x* 7^ 9 
and 7^ 0, by (CO) we have x A G 5^+ (0, 2e) \ {9} such that 

0!(A,x A + y) = x* V y eB H -(6,S). (A.8) 

Let us write = £z/||z||, where z G dB H -(0,5/2) and < t < y / p(e)/2. Since 
<^a(^a) G -B#- (0, 5/2) by (IA.4I ), and <^a(^a) 7^ we have always a real number k with 
I A; I > 1 such that 

y := fcz + y> A (x A ) G dB H -(0,5) 
(because |fc • z\ — \y — (fx{%)\ > \y\ — \(px(x)\ > 5/2). By (IA.6I) the continuous map 

[0, 1] R, s ^ J(A, x A + <£>aOa)) - J(A, x + (1 - s)ip x (x x ) + sy) 

takes a value J(X,x x + <^a(xa)) — J(X,y) > p(e)/2 at s = 1, and zero at s = 0. So we 
have s G (0, 1) such that 

V J (A, x A + p\(x\)) - J(A, x + (1 - s)px(x\) + %) = t. 

Set 

y A := (1 - s)ipx{x x ) + sy = (1 - s)(px(x\) + sk z ■ z + s(px{x x ) 

= fx(xx) + sk z ■ z. 
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Then 

\\y x \\ = - s)(p x (x x ) + sy\\ < (1 - s)\\<p x (x x )\\ + s6 < (1 - s)8/2 + §8 < 8, 
and the definition of ip 2 shows that 

^(A, x x + yx) = n —. — rw(y\ - <Px(x\)) = ttjz = y*. 

\\y\- <p\{x\)\\ IfII 

This and (|A.8I) show that ^(A, x x + yx) = (x*, V*)- The desired result is proved. □ 
Step 7(03 Lemma 2.7]). Put 

U=[Ax (B H+ (9, 2e) + B H - (9, 5))] H V" 1 (b h+ (9, \/p(e)/2) + B H - (9, \/p(e)/2) 
and 

: A x [B H+ (9, x/p(e)/2) + B H - (9, y/p{e)/2)) U, (A.9) 
(A, x + y) h-> (A, A (x + y)) := (A, x' + y'), 

where (x', y') G B H +(9, 2e) x B H -{8, 5) is a unique point satisfying x + y = ^(A, x' + y'). 
Then is continuous and 

J(0(A,x + y)) = ||x|| 2 - \\y\\ 2 

for any (A,x,y) G A x B H +(9, \Jp(e) /2) x B H -(9, x /p(e)/2). Moreover, 0(A, x + y) G 
Im(V') n (A x F~) if and only if x = 6. 

Step 8. We shall prove the claims in "Moreover" part of Theorem lA.il It suffices to check 
Steps 4, 7. By Step 1, for each (A,x) 6 Ax B H +(9,ei), (p x (%) £ B H -(6,8) is a unique 
maximum point of the function B H - (9, S) — > R, y i-> J(A, x+y). For any y G B H -(9,8) 
with y 7^ it follows from the condition (ii) and the mean value theorem that 

J(A,y) = J(A,y) - J(\,6) = D 2 J(X,ty)(y) = l -D 2 J(\ty)(ty) < 

for some t G (0, 1). Hence (px(9) = 9. For any x G B H +(9,ei) with x 7^ 6>, by the 
condition (iv) and the similar reason we get a t G (0,1) such that 

J{X,x + (p(x)) > J{X,x) - J{\,9) = D 2 J(X,tx)(x) >p{\\tx\\)/t > 0. 

This implies that ipi(X, x + y) 7^ 9 if x 7^ 6>. When ^(A, x + y) G if - , ^i(A, x + y) = 9 
and thus x = 9. Conversely, if x = 9 then ^(y) = 9 and 

{•v/— J(A,j/) .p / /) 
-TUT- v rfy^e, 
if y = 0. 
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Hence we get that x + y) E H if and only if x — 9. By the definition of </> in (1A.9I ), 
it is easy to see that 0(A, x + y) sits in U D (A X H~) if and only if x = 9. 

As to the final claim, since dim H~ < oo implies that any norm || ■ ||* on H is 
equivalent to the original || • ||, A x (H~ , || • ||*) and A x (H~ , || • ||) induce equivalent 
topologies on each one of the sets A x B H - (9, x /p(e)/2) and U fl (A x H~). The claim 
follows. □ 

In order to give the corresponding version at critical submanifolds we need a more 
general result than Theorem lA.il For future conveniences we here present it because many 
arguments and notations can be saved. Let A and £ be two topological spaces. Imitating 
[|29l § 1 of Chap. Ill] one can naturally define a topological normed vector bundle over A to 
be a triple (£, A, p), where p : £ — > A is a continuous surjection (projection). In particular 
we have the notions of a topological Banach (resp. Hilbert) vector bundle. Corresponding 
to Definition 3. 1 in Chapter 2 of [|25l . a bundle morphism from the normed vector bundles 
Pi : E^ 1 ' — > Ai to p 2 : E^ — > A 2 is a pair of continuous maps (/, /), where / : E^ — >■ 
E^ and / : Ai — > A 2 such that p 2 o f = f o p 1 . As on the pages 43-44 of |f29l we may 
define the notion of a normed vector bundle morphism. If Ax = A 2 = A and / = id^ we 
get the notions of a A-bundle morphism and a A-normed vector bundle morphism. When 
/ and / are homeomorphisms onto A 2 and £^ the corresponding bundle morphism and 
normed vector bundle morphism (/, /) are called bundle isomorphism and normed vector 
bundle isomorphism from E^ 1 ' onto E^ 2 \ See ||29l for more notions such as subbundles 
and so on. As in ([TT1 Def.2.2, page 15] we can define a Finsler structure on the bundle 
p : £ — > A, and show the existence of such a structure on the vector bundle if A is 
paracompact. 

Let G be a topological group. For a normed vector bundle p : £ — > A, let both £ and 
A be also G-spaces and let p be a G-map (or G-equivariant map), we call it a G-normed 
vector bundle if for all g E G the action of g : £\ — > £ g \ is a vector space isomorphism. 

Theorem A.2. Let Abe a compact topological space, and let p : £ — > A be a topological 
normed vector bundle with a Finsler structure \\ ■ \\ : £ — > [0, oo). Suppose that £ can be 
split into a direct sum of two topological normed vector subbundles, £ = £ + © £~, where 
P- : £~ — > A has finite rank. For 5 > let B$(£) = {(A,t>) E £\ \ \\v\\\ := ||(A, f)|| < 
5}. Assume that J : B 2 s(£) —> K is continuous and that the restriction of it to each fiber 

Jx : B 2S {£)x = {v E £ x | Ha < 25}, v ^ J(A, v) 

is continuously directional differentiable. Furthermore assume: 

(i) J x (9 x ) = 0andDJ x (9 x ) = 0, 

(ii) [DJ x (x+y 2 )-DJ x (x+ yi )](y 2 -yi) > Oforany{X,x) E B s (£+), yi ,y 2 E B s (£-) 
and y x ^ y 2 , 
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(iii) DJ\(x + y)(x — y) > for any (A, or) G Bs(£ + ) and (X,y) G B§(£ + ) with 
x + y ^0 X , 

(iv) DJ\(x)x > p(\\x\\\) for any (X,x) G B$(£ + ) with x ^ 9 X , where p : (0,5] — > 
(0, oo) is a non-decreasing function independent of X G A. 

Then there exist a positive e GB, an open neighborhood U of the zero section £ of£ and 
a homeomorphism 

such that 

J{4>{X,x + y)) = \\x\\ x -\\y\\ x and 0(A, x + y) = (A, (f) X (x + y)) G £ 

for all (X,x + y) G B ^-^ ) (£ + ) ® B v /^-^ ) (£~)- Moreover, for each X E A, (j)\{0\) = 
9\, <p\(x + y) G £x if and only if x = 6\, and(pisahomoeomorphismfromB^-^^(£~) 
onto U fl £~ according to any topology on both induced by any Finsler structure on £~. 
Finally, ifG is a topological group andp : £ — > A is a G-normed vector bundle such that 
the splitting £ = £ + © £~, the functional J and the Finsler structure || • || are preserved, 
i.e. 

J(g(X,x)) = J(X,x), \\gx\\ g x = \\x\\ x 
and gx G £ + (resp. gx G £~) 

for any g G G and (X,x) G £ + (resp. £~), then the above homoeomorphism (j) is G- 
equivariant, i.e. 

<t>{g{X, x + y)) = (gX, <p g \(gx + gyj) = (gX, g(f) X (x + y)) = g<j)(\, x + y) 
for any g G G and (A, x + y) G £ + © £~. 

Proof. We only need to consider the case < rank(£ + ) < oo. The key is the first two 
steps corresponding with the proof of Theorem I A. 1[ We can slightly modify the proof of 
lfT9l Lemma 2.1] to prove: 

Claim A.3. There exists a positive real number e\ < 5 having the following property: For 
each (A, x) G B tl (£ + ) there exists a unique (f\(x) G Bs(£~)\ such that 

J(X,x + cp x (x)) = m&x{J(X,x + y)\y e B s (£-)x}- (A.11) 

In fact, the existence of t\ can be obtained as follows. Since Bs(£~) is compact, 
suppose by contradiction that there exists a sequence {(A n ,x n )} in B$(£ + ) such that 
(A n , x n ) ->■ (A , ^ Ao ) and a sequence {y n } C dB 5 (£') Xn such that 

J{X n ,x n + y n ) > J(X n ,x n + y) My G B 5 (£~)\ n , n = 1,2,--- . 



(A.IO) 
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We may assume y n — > y E dB s (£ ) Xo . Then 

lim J(A n , x n + y n ) = J(A ,y ) and lim J(A„,x n ) = J(A ,6» Ao ). 

Hence J(A , yo) > <7(A , $a )- Moreover, by the mean value theorem and Theorem lA.2r iii) 
there exists a t y E (0, 1) such that 

J(^o,yo) - J(Xo,0 Xo ) = DJ Xo (t y ■ y )(yo) = -^-DJ Xo (t y ■ y )(-t y ■ y ) < 0. 

ty 

This leads to a contradiction. 

The uniqueness of (f X (x) can also be proved by contradiction. 

Next, as in Step 2 of the proof of Theorem [A. 1 1 above we can show that the map 

B ei {£ + )^B ei {£-), (X,x)^(X,<f X (x)) 

is continuous. As in Step 4 above, for (A, x + y) E B ei (£ + ) © B$(£~) we define 



if, 1 (\,x + y)={ IMU x ltx rVx, 

6x ifx = 9 x , 



y/j(X,x+ip x (x))-J(X,x+y) , ( \\ if _L ( \ 

^ {X ,x + y) = { ~ \\y-^)h (y-VA(aO) tiy*<Px{x), 

&x ify = <p x (x), 



and 

if>(\,x + y) = i/> 1 {Kx + y)+M\* + v)- ( A - 12 ) 

They are continuous and ^(A, 9 X ) = 9 X . Let ^(A, x + y) = (A, ^(A, x + y)). As in Step 6 
above there is a positive real number e < e% such that 

1/ = (b 2 ,(£ + ) © n r 1 {b^j- 2) {£ + ) © S^^jCf" 



Set 



and 

* : B ^)^ ® 5 vW° ^ ^ (A " 13) 
(A, x + y) H- (A, A (x + y)) := (A, x' + y'), 

where (a/, y') E B 2e (£ + ) x © B s {£~) x is a unique point satisfying x + y = ip(\, x' + y'). 
Except the final claim we leave the remainder arguments to the reader. 
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As to the final conclusion, since ||<7x|| 9 a = IMU for any g G G and (A, a;) G E, 
for any e > the sets B e (S), B £ (E + ) and B £ (E~) are G-invariant. For any g G G and 
(A, x) G by Claim lA3l there exists a unique ip g \(gx) G Bs(£~) g \ such that 

J(gX,gx + <p g \(gx)) = max{J(g\,gx + y)\y G £ 5 (£~) gA }. (A.14) 

Note that g : Bs(E~)\ — >■ Bs(E~) g \, x ^ gx is a homeomorphism. We conclude 

max{J(5( A, + |y G £<5(£~) s a} = max{J(g\, gx + gy) \y e B s (£~) x } 

= max{J(A, x + y)\y E B s (£~)\} 

= J(\,x + ipx{x)) 

= J(g\,gx + gcpx(x)), 

where the third equality comes from (IA.1 II) . Since gipx(x) G B$(£~) g \ it follows from 
this, (IA.14I) and Claim [A3] that 

<p g \(gx) = g<p\(x) V# G G and (A,x) G B ei (£ + ). 

Then the desired conclusion follows from this and (|A.12I) - (|A.13I) . □ 

B A few of results on functional analysis 

Perhaps the results in this appendix can be founded in some references. For the readers's 
convenience we shall give proofs of them. Let E\ and E 2 be two real normed linear spaces 
and let T be a map from an open subset U of E\ to E 2 . For a positive integer n we call T 
finite n-continuous at x G U if for any hi, ■ ■ ■ , h n G E% the map 

R n D B n (0, e)3t = (h, ■ ■ ■ ,t n ) T(x + txhx + ■■■ + t n h n ) 

is continuous at the origin G W 1 . 

Proposition B.l. (i) If for any u G Ei the map x (-> DT(x, u) is finite 2-continuous 
at x G U then u DT(x , u) is additive. 

(ii) If T is continuously directional differentiable on U then it is strictly H -differentiable 
at every x G U, and restricts to a C 1 -map on any finitely dimensional subspace. 
(So the continuously directional differentiability is a notion between the strict H- 
differentiability and C 1 .) 

(iii) If T : U —> E 2 is G -differentiable near xo G U and also strictly G-differentiable at 
Xq, then T' is strongly continuous at xq, i.e. for any v G E\ it holds that \\T'(x)v — 
T'(xq)v II — > as \\x — xo\\ — > 0. In particular, if E 2 = K this means that T' is 
continuous with respect to the weak* topology on E*. 
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Proof, (i) This directly follows from the mean value theorem. In fact, for u, v G E x and a 
small t ^ let A 2 utv T(x ) = T(x + tu + tv) - T(x + tu) - T(x + tv) + T(x ). Then 

\rni^A 2 tutv T(x ) = DT(x ,u + v) - DT(x ,u) - DT(x ,v). 

By the Hahn-Banach theorem there exists a functional y* G E 2 such that ||y*|| = 1 
and y*(A 2 utv T(x )) = \\ A 2 utv T(xo)\\. Applying twice the mean value theorem yields 
72 G [0, t] such that 

y*(T(x + tu + tv) - T(x + tu) - T(x + tv) + T(x )) 
= y*(DT(x + tv + T X u,u))t - y*(DT(x + r 2 u,u))t 

< \\DT(x + tV + TiU, u) — DT(x , u)\\ ■ \t\ 

+ \\DT(x + t 2 u,u) - DT(x ,u)\\ ■ \t\. 
Since the map x i->- DT(x, u) is finite 2-continuous at x G U it follows that 

Kmy*(±A 2 tUttv T(x )) =0. 

Hence DT(x , u + v) = DT{x , u) + DT{x , v). 

(ii) Firstly, it follows from (i) that T is Gateaux differentiable at every x G U if T is 
continuously directional differentiable on U. 

Next we prove that T is strictly G-differentiable at every x G U. Otherwise, there exist 
x G U, v G Ei, e > and sequences {x n } C C/ with x n — >■ x , Cl \ {0} with 
t„ — > 0, such that 



T(x„ + t n v) - T(x n ) 



T'(x )v 



>e Vn = 1, 2, 



As above we may use the Hahn-Banach theorem to get a sequence of functionals G E\ 
such that ||y*|| = 1 and 



y: f nx n +t n v)-T(x n ) _ r{xo)v 



T{x n + t n v) - T(x n ) 



- T'(x )v 



for any n G N. Then the mean value theorem yields a sequence {t„} C (0, 1) such that 

'T(x n + t n v) -T(x n ) 



Vn 



tn 



T'(x )v = y* n (T'(x n + r n t n v)v - T'(x )v) 



Vn G N. It follows that 



\T'(x n + r n t n v)v - T'(x )v\\ > e Vn = 1, 2, 



This contradicts to the continuously directional differentiability of T. 
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Finally, suppose that T is not strictly iJ-differentiable at some x G U. Then there 
exist a compact subset K C £ > 0, and and sequences {a; n } C C/ with x n — )■ x , 
{tn} cR \ {0} with £ n — )■ 0, such that for some sequence {v n } C K, 



T(x n + t n v n ) - T(x n ) 



- T'(x )v r 



>e Vn = 1, 2, • • • . 



Since K is compact we may assume v n — > v o G iT. As just we have a sequence {s n } C 
(0, 1) such that ||T'(x n + s n t n v n )v — T'(x )v n \\ > e for all n G N, which leads to a 
contradiction. 

The second claim can be derived from the fact that the strong convergence and weak 
one are equivalent on finitely dimensional spaces. 

(iii) Since T is strictly G-differentiable at x , for any v G E\ and e > there exists a 
5 > such that 

T(x + tv) - T(x) 



t 



T{x Q )v 



< E 



for any t G (-5, 5)\{0} and x G 5 x (x ,5). Setting t we get \\T'(x)v - T'(x )v\\ < 
e Vx G B x (x ,S). □ 

Proposition B.2. Suppose that a bounded linear self-adjoint operator B on a Hilbert 
space H has a decomposition B = P + Q, where Q G L S (H) is compact and P G 
L S (H) is positive, i.e., 3 Co > such that (Pu,u)h > Co||w|| 2 Wu G H. Then every 
A G (— oo, C ) is either a regular value of B or an isolated point ofa(B), which is also 
an eigenvalue of finite multiplicity. 

Proof. Since (Pu — \u,u)h = {Pu,u)h — M\ u \\ 2 > (C — A)||m|| 2 for any A G (— oo, Co) 
and u G H, it follows from Theorem 9.1-2 in ||28l that every A G (— oo, C ) belongs to 
p(P). For such a A G (— oo, C ), observe that 

XI H -B= (XI H - P)[I H ~ (A/// - P)- l Q]. 

So AT h — B is Fredholm, and hence dim Ker ( XI h — B) < oo, codimKer ( A In — B) < oo, 
and R(XIh-B) C His closed. By Theorem 4.5 on the page 150 of fl4TJ, either A ^ a(B) 
or A is an isolated point of cr(B). Clearly, in the latter case A is also an eigenvalue of B 
with finite multiplicity. □ 



Actually, this result may also follow from Propo sition IB . 3 1 below. 

By Proposition 4.5 of lfT6l . if A is a continuous linear normal operator (i.e. A* A = 
AA*) on a Hilbert space H, then for A G cr(A) the range R(A — XI) is closed if and 
only if A is not a limit point of a (A). As a consequence we deduce that (i) and (ii) of the 
following proposition are equivalent. 
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Proposition B.3. Let H be a Hilbert space and let A e L(H) be a normal operator (i.e. 
A* A = AA*). Then the following three claims are equivalent. 

(i) is at most an isolated point ofa(A); 

(ii) The range R(A) is closed in H; 

(Hi) The operator A\w '■ W — > W is invertible and its inverse operator {A\w)~ x : W — > 
W is bounded, where W = (Ker(A))- 1 . 

By the Banach inverse operator theorem we arrive at (ii)=^ (iii). Conversely, R(A) = 
A(W) = W\s closed. 
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